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Abstract: We consider the nonlinear excitation localized near the media interface with an internal structure. We consider
the anharmonicity of the medium characterized by a different nonlinearity on different sides of the interface. The
excitations are described by nonlinear Schrödinger equation with modified short-range interaction potential. The problem is
reduced to the solution of the nonlinear Schrödinger equation with the boundary conditions of a special kind. We found the
exact solutions of nonlinear Schrödinger equations satisfying the boundary conditions. We show that the existence of
nonlinear localized excitations of several types is possible. They have a soliton-like profile in the direction perpendicular to
the boundary. The structure and shape of the localized states is determined by the anharmonicity parameters and the
intensity of interaction of the excitations with the planar defect. We found the energy of nonlinear excitation in explicit
form in special cases.
Keywords: Nonlinear Schrödinger equation; planar defects; solitons; localized states; nonlinear waves.

1. Introduction
Nonlinear Schrödinger equation (NLSE) is widely
used for mathematical model formulation in nonlinear
dynamics. NLSE can describe states of fields of different
physical nature: elastic, electrical and magnetic. The
solitons (NLSE solutions) describe the excitation motion
in nonlinear media. Many researchers described
peculiarities of soliton propagating through the
boundary of nonlinear media (for example, see Ref. [1]).
The stationary localized states near the boundaries
of nonlinear media play an important role in quantum
electronics and optics. The existence of nonlinear
localized waves with nonsymmetrical profile on the
border of linear and nonlinear media was shown in [2].
Such waves are usually called nonlinear surface waves.
The interaction of nonlinear excitations between
the planar and point defects plays an important role in
nonlinear dynamics. Mathematical models allow to
describe analytically the effects of excitation localization
on a qualitative level. Excitation localization is caused by
the nature of interaction between excitation and
defects. The defect potential is given in one dimension
model by well known form:
U(x)  U0 (x)

(1)

In eq. (1) (x) is the Dirac delta function, U0 is the
intensity of the interaction of the defect with excitation
(the "power" of the defect). For U0 > 0 excitation is
repelled from the defect and for U0 < 0 the excitation is
attracted to a defect.
Many researchers used a short-range interaction
potential with the Dirac delta function given by Eq. (1).

For example, the resonant scattering by the defect
describing Eq. (1) was studied in Ref. [3].
The one dimensional NLSE with potential given by
Eq. (1) is reduced to NLSE without potential and
boundary conditions [4, 5]. The effect of excitation
localization near a nonlinear layer in linear environment
was described in Ref. [6]. Localized states in a nonlinear
medium containing a plane defect layer with nonlinear
properties were considered in Ref. [7]. Their stability
analysis was carried out in Ref. [8].
The effects of spatial dispersion and the interaction
of not only the nearest neighbors in molecular chains on
the propagation of excitations described by modified
NLSE was considered in Ref. [9-13]. The interaction
peculiarities of the localized states near nonlinear media
border with different properties were described in Ref.
[14].
In the paper present we consider the generalization
of potential (1) on the case of the planar defect with
internal structure. Such modified potential was used for
complicate defect modeling in Ref. [15] in the medium
with harmonic interatomic interaction. We propose the
model of planar defect representing the interface
between media with deferent sign of nonlinearity. The
media differ in the parameters of the anharmonicity of
the interatomic interaction.
The modified potential was used in the linear
medium with spatial dispersion in Ref. [16]. The linear
Schrödinger equation containing forth order derivatives
with such potential was solved. The new boundary
conditions for the equation considered were derived.

* Corresponding author: E-mail: savotchenkose@mail.ru
2550-4800/© 2018 The Authors. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Savotchenko

J. Appl. Surf. Interfaces 3 (1-3) (2018) 22-27

The peculiarities of localization of nonlinear
excitations near the defect with an internal structure
were described in Ref. [17]. The NLSE with modified
potential was solved for the case of nonlinear media
containing the defect with an internal structure. In the
paper present we consider NLSE with modified potential
for the case of media with the opposite sign of
nonlinearity on different sides of the defect. In Ref. [18]
we considered the interface with an internal structure
between linear and nonlinear media.

The problem of finding stationary states with energy Е
reduces to stationary NLSE for wave function in the
following form: (x , t)  (x) exp(iEt) :

E  

The NLSE (3) with potential (2) reduces to solving NLSE
without potential:

E  

2. The equation set
Let the interface be located in the yOz plane
perpendicular to the Ox axis. We assume that the
anharmonicity of the medium characterized by a
different nonlinearity on different sides of the
boundary:

1
2
 xx   ( x )    ( x )  
2m
,

(4)

with two conjugation boundary conditions on a defect
at the point x = 0.
As well known if the function derivative  has the
break point for x = x0  [; ] then the following
expression is valid:

  , x  0;
( x)   1
  2 , x  0;

x 0 

1

  (x)(x  x 0 )dx  2 { (x 0  0)   (x 0  0)} .

(5)

x 0 

Values  1,2  0 are constant everywhere. The
interface as a plane defect will develop perturbation of
types of media. Such perturbations are concentrated at
distances much smaller than the width of the
localization of propagating waves.
A model of a point defect with an internal structure
is proposed in Ref. [15-18]. The defect is described
mathematically by a modified potential. The potential
takes into account the influence of the defect through
not only the nearest neighbors in the lattice but also of
the second neighbors in the short-wavelength
approximation. Such a description is important in the
transition from a discrete medium model to a
continuum. We propose to use the two-humped
potential to describe the defect. It can be considered as
a potential crater with a quasi-stationary energy level.
The crater can be described by the expression from the
second derivative of the Dirac delta function in the
limiting continual case with an infinite increase in depth:
U(x)  U0 (x)  V0 (x)

1
2
 xx   ( x )    ( x )    U ( x ) 
2m
, (3)

The first boundary condition corresponds to the
requirement of continuity of the wave function at the
location of the defect:
(0)  (0)  (0) .
(6)
It is possible to integrate equation (3) with respect
to x on a small interval [ε; ε] and let ε approach zero.
Meaning the derivatives of the wave function at the
point x0 = 0 are not continuous and taking into account
Eq. (5) we obtain the second boundary condition:
(0)  (0)  m{2U0 (0)  V0 [ (0)   (0)]}

3.

(7)

The exact solutions

As well known, the types of solutions of NLSE are
determined by the sign of nonlinearity. The free solitons
propagate in the medium in the defect absence (when
U(x)  0). The NLSE has a solution in the form:

(x)  A / coshq(x  x 0 ) ,

(2)

A 2  q2 / m ,

where V0 is the second defect parameter characterizing
the intensity of the interaction of excitation with a
defect due to its internal structure.
Let us now consider the interaction of nonlinear
excitations localized near a defect with an internal
structure based on the one-dimensional NLSE (we put
ħ=1):

q2  2m(  E) ,

for a positive and constant everywhere nonlinearity
constant  > 0, in the case E < .
The NLSE have the two type solutions for the
negative and constant everywhere nonlinearity ( < 0):
1) in the case E < :
(x)  A / sinhq(x  x 0 ) , A 2  q2 / m  , q2  2m(  E) ,

1
   (x )   (x )  2   U(x ) ,
i t  
 xx
2m

2) in the case E > :
(x)  Atanhq(x  x 0 ) , A 2  q2 / m  , q2  m(E  ) .

m – effective mass of excitation,
 1 , x  0 ;
(x)  
 2 , x  0 ;

The localized states generated by the first and
second solutions were considered in Ref. [4] in the
presence of a simple point defect. Such types of
solutions unite the condition that the excitation

values 1,2 are constant everywhere.
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disappearing at infinity. The wave function must satisfy
the condition at infinity:   0 for x  . The solution

Thus, from the relation (15) we obtain the wave
number. It allows to obtain energy as a function of the
parameters E=E(m, U0, V0, , x1). The relation (14)
defines the parameter x2. Therefore, the function (11) is
a one-parameter solution with one free parameter. We
choose х1 as a free parameter.

of the third type, called a kink, does not satisfy this
condition. However it is often used to describe the
various physical phenomena.
The NSLE (4) solutions satisfying the boundary
conditions (6) and (7) was obtained in Ref. [17] for the
case of the same signs of nonlinearity from the both
sides of defect layer. The dispersion relations and
energy of such localized states were derived and
analyzed in Ref. [17].
In the present paper we analyze the NSLE (4)
solutions satisfying the boundary conditions (6) and (7)
in the case of contact of two media with opposite signs
of non-linearity.
Let us consider now the case of interface between
so-called medium with repulsive or defocusing medium
(where  < 0) and medium with attraction or focusing
medium (where  > 0).

3.2. The second type solution
If the excitation energy values are in the range
E < min{Ω1, Ω2} then NLSE (4) have the solution in the
form:
A s /sinhqs (x  x 1 ), x  0
(x)  
A c /coshqc (x  x 2 ), x  0

Here x1 is the soliton “center” position in
defocusing medium (on the left side from interface) and
x2 is the soliton “center” position in focusing medium
(on the right side from interface).
For the limitation of the solution (16) must be
fulfilled the condition: x 1  0 .
Substitution of (16) into equations (4) allows one to
obtain amplitudes:

3.1. The first type solution
If the excitation energy values are in the range
Ω1 < E < Ω2, then NLSE (4) have the solution in the form:
A t tanhq t (x  x 1 ), x  0
(x)  
A c /coshqc (x  x 2 ), x  0

A 2s  q2s /(m 1 ) ,

(8)

The wave number is representable in the form:
q2s  2m( 1  E)

Without loss of generality, for this type of solution
we put Ω1=Ω2=Ω. Then qs =qc =q.
In this case the localized state energy values are
determined from the relation obtained after
substituting the solution (16) into the boundary
conditions (6) and (7):

(9)
(10)

and the wave numbers representing in the form:

q2t  m (E   1 ) ,

(11)

q2c  2m( 2  E) .

(12)

 cosh qx 2  sinh qx 1 ,

 tanh2 qx 2  1]} .

The localized state energy values are determined
from the relation obtained after substituting the
solution (8) into the boundary conditions (6) and (7):

4. The dispersion relation analysis and energy of
localized states

(14)

q t (cothq t x 1  tanhq t x 1 )  qc tanhqc x 2  m{2U0
 V0 [q2c (2tanh2 qc x 2

 1)  2q2t (tanh2 q t x 1

 1)]}

4.1. The energy of the first type localized states
(15)

4.1.1. The low energy localized states
We analyze the dispersion equations (14) and (15)
at the special following cases.

where
1 /2

  ( 2 /  1 )

(20)

Thus, from the dispersion equation (20) we obtain
the wave number. It allows to obtain energy as a
function of the parameters E=E(m, U0, V0, , x1). The
equation (19) defines the parameter x2. Therefore, the
function (16) is a one-parameter solution with one free
parameter. We choose х1 as a free parameter.

(13)

qc  q t tanhq t x 1 coshqc x 2 ,

(19)

q(tanhqx 2  cothqx 1 )  2m{U0  V0 q2 [coth2 qx 1

From these relations follows the relation of the
values qt and qc:

q2t  m( 2   1 )  q2c / 2

(18)

and the qc is determined by (12).

Substitution of (8) into equations (4) allows one to
obtain amplitudes:

A 2c  q2c /(m 2 ) ,

(17)

and the A c is determined by (10).

The parameters x1,2 characterizes the positions of
the “centers” of two coupled kink and soliton on
opposite sides of the interface respectively. Remind that
we define early the constants  1,2  0 .

A 2t  q2t /(m 1 ) ,

(16)

.
24
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At first we consider the low energy excitations of
localized states defined by (8). In the case of the longwave approximation qt x1 <<1 and qc x2 <<1 from Eq. (14)
we obtain the wave number’s relation:
q c  q 2t x 1  .

The wave number has the same form of Eq. (23)
with new form of Eq. (24):

qc0  2m2 V0 (2  1 ) /  .

From Eq. (30) we see that in the case considered qc0
and V0 must have an opposite signs (we remind that
Ω1 < Ω2).
Also
we
find
that
must
be

(21)

From (15) in the first order of smallness we derive
the kink “centers” position in the form:
x 1  {2m[U0  mV0 ( 2  1 )]} 1 .

 1   2   2 / 2m 2 V02 .

(22)

4.1.2. Another approximations

Combining equations (13), (21) and (22) we find the
wave number:

q c  q c 0 {1  (1  2m( 2   1 ) / q 2c 0 )1 / 2 } ,

Now we analyze the dispersion equations (14) and
(15) for not long wave approximation in the special case
of states with soliton center position coinciding with
interface (when x2=0). In such a case we can exclude the
parameter x1 from dispersion equations (14) and (15)
and obtain the dispersion equation in the form:

(23)

where

qc0  1 / x 1  2m[U0  mV0 (2  1 )] /  .

(24)

q2c (2  2 )  2m2 (2  1 )  4mqc {U0

Using Eq. (23) from Eq. (12) we obtain the energy in
explicit form:

 V0 [m(2  1 )  q2c / 2 ]} .

where

1)

/ 2m .

q c  qca {1  (1  2m( 2   1 )2 /(2  2 )q2ca )1 / 2 } (32)

(26)

where

q ca  q c 0  2 /( 2   2 ) ,

We must substitute Eq. (23) into Eq. (26) to obtain
the dependence from the media and interface
parameters only. For such solution type the energy and
soliton center position are totally defined by the media
and interface parameters for the long-wave
approximation.
In the case of simple defect when U0  0 and V0 = 0
we derive from Eq. (22) the kink “centers” position
x 1  {2mU0 } 1 and form Eq. (23) the wave number:

q c  2mU 0 {1  (1  ( 2   1 )

2

/ 2mU20 )1 / 2 } / 

Using Eq. (32) from Eq. (12) we obtain the energy in
explicit form:
E   2   ca {1  (1   2 ( 2   1 ) /( 2   2 ) ca )1 / 2 } 2 (34)

where

 ca  q2ca / 2m

(27)

The low energy state localized at the simple defect
exists under condition:  1   2  2mU 20 /  2 .
It is interesting to note the localized states for case
of U0 = 0 and V0  0. In such a case we can analyze the
influence of internal structure of thin defect layer only
to localization energy. With U0 = 0 and V0  0 from Eq.
(22) we obtain the kink “centers” position in the form:
x 1  {2m V0 ( 2   1 )}

.

(35)

2) Approximation   1 . In such a case the
nonlinearities on the other sides from interface are
strongly differ. More precisely, the nonlinearity of
focusing medium is much more less than the
nonlinearity of defocusing media ( 2  1 ). In such a
case from Eq. (31) we find the wave number in the
form:
q0   / 2mV0
(36)

E   2  2mU 20 {1  (1  ( 2   1 ) 2 / 2mU 20 )1 / 2 } 2 /  2 (28)

1

(33)

and qc0 is defined by Eq. (24).

The energy (25) takes the form:

2

Approximation q2c  m2 (2  1 ) . In such a

case the energy of states lies near the spectrum edge 2
and
the
gap
range
is
wide
so
that
 2  E   2 (  2   1 ) / 2 . From Eq. (31) we find the
wave number in the form:

We see that the low energy state exists for any
signs of defect parameters.
From Eq. (15) in the second order of smallness we
derive the soliton “centers” position in the form:
x 2  (2mqc V0  ) / 2 qc .

(31)

We find the solution of dispersion equation (31) for
the following approximations.

E   2   c 0 {1  (1  ( 2   1 ) /  c 0 )1 / 2 } 2 (25)
 c0  q2c0

(30)

Using Eq. (36) from Eq. (12) we obtain the energy in
explicit form:

E   2   2 / 8m 3 V02

(29)
25
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From Eq. (34) we see that in the case considered qc
and V0 must have the same signs.

Note that the energy (40) is an exact solution of
dispersion equation. Therefore, the model proposed is
exact solvable in the private case.

4.2. The energy of the second type localized states

4.2.2. The low energy localized states

4.2.1. The exact solution of dispersion equation for
special case

Finally we consider the case of the low energy
excitations (long wave approximation: qx1,2 << 1) from
Eq. (19) we obtain the wave number

We find that the energy of localized states given by
Eq. (16) can be derived in exact form for the case of
x2 =0. The parameters of NLSE solution (16) are totally
expressed by the media and interface parameters in this
case.
From Eq. (19) for x2 =0 we obtain soliton “center”
position in defocusing media:
-1

x1  sinh () / q .

q    /x 1 .

Using Eq. (46) we find the energy for the long wave
approximation in the form

E    2 / 2mx 12 .

(38)

q  p1 {1  (1  p2 / p1 )

},

(47)

Using Eq. (46) from Eq. (20) we derived the soliton
“center” position in focusing medium in explicit form:

Using Eq. (38) we find exact solution of dispersion
equation (20) giving the wave number:
1/2

(46)

x 2  {x 1  2m[x 12U0  V0 (1  2 )]} / 2 .

(39)

(48)

For the existence of such a solution it is necessary
that the defect and nonlinearity parameters must be

The wave number and the energy of long wave
localized excitations are determined by nonlinearity
ratio only in the first order of smallness. The soliton
“center” position in focusing medium depends on
interface characteristics.
The localized state (16) with energy defined by Eq.
(47) and the soliton “center” position in focusing
medium defined by Eq. (48) is a one parametric NLSE
solution with chosen he soliton “center” position in
defocusing medium as a free parameter.

related by condition: V0  (1  2 ) / 16m2U0 .

5. Conclusion

where

p1  (1  2 )1 / 2 / 4mV0 , p 2  4mU0  /(1  2 )1 / 2
and the energy in explicit form:

E    p 12 {1  (1  p 2 / p 1 )1 / 2 } 2 / 2m .

(40)

In the case of simple defect when U0  0 and V0 = 0
we derive the wave number:

q  2mU0 /(1  2 )1 / 2 .

It is shown that localized states of several types
can arise near the complicate interface media with the
opposite sign of nonlinearity. Such localized states are
generated by the bound soliton NLSE solutions. The
profile of the localized states can be symmetric and also
asymmetric with respect to the interface of nonlinear
media. The state types are determined by the energy
range.
The mathematical formulation of the model to
describe the defect with internal structure required the
use of the modified potential containing derivatives of
the delta function. The NLSE with this potential reduces
to the NLSE without the potential with boundary
conditions of a new kind.
We obtained a solution of the formulated contact
boundary value problem with such conditions. We
derived expressions for energy in an explicit analytical
form for low-energy. Also we derived nonlinear
localized state energy for nonsymmetrical in an explicit
analytical form.
Taking into account the internal structure of the
defect leads to a modification of the profile of nonlinear
localized excitations and the region of their existence
The results obtained in this paper supplement the
studies carried out in Refs. [17, 18] on the features of
the localization of nonlinear excitations in media with
defects. Also we note that the results of this paper

(41)

From Eq. (38) we find the soliton “center” position
in defocusing media:
x 1  (1  2 )1 / 2 sinh-1 () / 2mU0 .

(42)

Then using Eq. (41) we derive the energy in explicit
form:
(43)
E    2m  2U20 /(1   2 ) .
We see that the localized nonlinear states exist in
modified energy range in the present of the complicate
defect with internal structure.
For the localized states for case of U0 = 0 and V0  0
we obtain the wave number in the form:

q  (1  2 )1 / 2 / 2mV0 .

(44)

Using Eq. (44) we derive the energy in explicit form:
E     2 (1   2 ) / 8m 3 V02 .

(45)

The localized state with energy defined by Eq. (45)
exists under condition for defect parameter:
V0  ( / 2m ){( 1   2 ) / 2  } 1 / 2 .
26
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