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Research into anomalous transport is aimed at two different sources : turbulent fluctuations in either the
electric or the magnetic field. In each case a model has been developed describing the influence of fluctuating
field on particles transport. The dynamic of particles guiding centers in a configuration of electric and
magnetic turbulence is studied in four dimensional equations of motion. An Hamiltonian description shows
that the particles trajectories are described by action angle variables system. It has been demonstrated that the
island topology appears at positions near resonant surface if there are the small perturbations. Localized
chaotic regions appear while increasing the perturbation and spread up to a fully stochastic situation.

The standard definition coefficient D uses the limit of the mean square excursion ; an expression of D useful
to describe transport in a finite region can be obtained from the exit times T; of particles. In the present

paper, we compute the numerical diffusion coefficient in the case of electric and magnetic turbulence, the
comparison with quasi-linear theory is made for the two cases. This study indicate that electric fluctuations
might be the dominant source of anomalous transport for the particles at low parallel velocity, whereas
magnetic fluctuations effect particles transport at great parallel velocity. The D/Dy ratio converge to one for
the case where numerical diffusion coefficient coincides well with the quasi-linear diffusion coefficient.
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PACS: 52.65.-y Plasma Simulation
I. INTRODUCTION

This work describes the particles behavior in presence
of electric and magnetic turbulence. Anomalous transport
resulting from fluctuating fields [1,2,3] is considered as
the cause of loss of plasma confinement in fusion
devices. In this paper, we report results on the transport
of particles in considering two different cases: in the first
one, the magnetic field is assumed not to be perturbed;
enhanced diffusion results electric turbulence which
induce transverse drift velocities for the particles guiding
centers. In the other case, the diffusion results from the
perturbed magnetic field.

The hamiltonian mechanic allows to describe the
particles trajectories with action angle variables system.
We will see that the main difference between magnetic
and electric cases is that the diffusion increases with
parallel velocity in the magnetic case, whereas it
decreases with the parallel velocity in the electric case.

This paper is organized as follows. In section Il we
present briefly the equations of particles guiding center
and the quasi-linear calculations, section Il is devoted
to the study of electrostatic turbulence. In section IV, we
focus on the magnetic turbulence. A comparison between
field lines diffusion and particles diffusion across
magnetic surfaces is treated in section V. The numerical
results are compared to the quasi-linear prediction and
discussed.
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Il. THE MODEL
A. GUIDING CENTER MOTION

We consider that a plasma in a magnetic field can be
represented in the form:
we use here a simplified equilibrium field

By, =By tBye, 1)

where B, :#B is the poloidal magnetic field,

AR o

B isthe toroidal field, r the minor radius, 8 and ¢ the
0

poloidal and toroidal angles, and g( r ) the safety factor.

In the following, we will neglect the field curvature, and

the trapping of particles in the local magnetic mirrors.

Since the cyclotron frequency is much larger than the

transit and drift frequencies, the motion can be separated

in a fast cyclotron gyration and a slow guiding-center

motion. The equations of the guiding center motion are :

dx _ B B¢
at Vv T B2 @)
dt ‘BEKD

where m , , e, are particle mass and charge.
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(r.0.9)

Atorder 1in , this system can be written as :
0

d_r: —Ldi

dt Br 90

ﬂ: Vi +La—(p (3)
dt  q(r)R, Bror

o _ v,

dt R,

dv, = & [Op 1 0pO

dt ~ mR, o " a(r) oo

where (pis the electric potential perturbation that is
given by :
W60 =Y @, (r)cos(me-n - o+ qy,,) ()

mnw

where O . are the random phase. We will assume that

all perturbations rotate with the same phase velocity

W
E = W, . In this case, there exists a frame where the

perturbation is static. The main advantage of this
2

procedure is that the energy H = Vi

+eq is invariant

in this frame.

In order to simplify our notations, we introduce a

reference magnetic surface I =T, such that § - Mo
nO

where M, and n, are integers. The summation will be

restricted to only one poloidal wave number m, and the
amplitude are assumed to be radially constant. Also we

introduce the helical angle o0 =m0 —n,¢ instead of

the poloidal angle O . The electric potential perturbation
becomes with this assumption :

or,6¢) = i‘(‘ppcos(a—pqﬁ a,) ()
p=-L

The inverse of the safety factor is expanded as:

B W 1 6)
a) do G0 T
S, dg , .
where S; =——— is the local magnetic shear and
qO dr r=ry

I — I, is the distance from the resonant rational surface.
we introduce the further normalisation

Vi Vi r=r, e.Q
T=—t,&=— x= , - (7
R, § v w ()

s

consequently, the system then becomes :

%—L sin( a - +a
dr - QZJR) ( p¢ p)

da _

E—XE—Q (8)
do _

dr_f

dé = .

4= 2 (x=plg,sin(a-pg+a,)

where we have chosen MoPs Ro _ 1 ( Pyis the Larmor
r0

_ MV and Q=m, W,R, . Ts is a
eB, vy

radius ) o

2T, .
temperature, v = (—)"2a thermal velocity,
S mI
r. - .
= _ ol is a distance between resonant surfaces.
n1OSO

B. HAMILTONIAN DESCRIPTION

An Hamiltonian description of charged particles
dynamic prove a strong tool, the charged particles
trajectories are described by action-angle variables
system. The question of particles diffusion in tokamak
may be taken up with developed techniques by study of
Hamiltonian chaos. In fact, the charged particle motion is
Hamiltonian.

It is then convenient to introduce the action variables :
2

|=E—X7 and J=x 9)

the system above is an Hamiltonian system , it can be
written as

da _ oH 4 oH

= - - = 10
dt  aJ dt Ja o
d _on a_ o

dt  al dt 99

where H=H,(1,J) + @, cos(a~-pd +a,)

p
g2 1,7

d 8 o=ty 11
and - H (1) == —Qx =2 (1 +)° -QJ (11

Heq is the unperturbed Hamiltonian. For a passing

particle, the angle variable are the poloidal and toroidal
angle Band ¢ .

2
The associated Hamiltonian is H = % +e,Q-

It can be verified that the system (2) is equivalent to
Hamiltonian equations with this set of variables. It can be

also verified by replacing the angle © with the angle O,
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the action M is changed into I, with the appropriate
normalisation. The frequencies associated with the
equilibrium Hamiltonian are :

oH,, O J?
= ¢ = _— = 12
W, a|H I+ =&(19) (12)

=2 £=(1+31-0=¢0.9x-0

Therefore, the resonance condition for one perturbation is
w,~py = §x-p)-2=0 (13)

This condition is strictly equivalent to the Landau
resonance condition W —K,,v,, =0. In the limit of large

velocities or for zero frequency, the resonance is localized
on resonant surfaces x= p.
We consider resonant initial conditions which satisfy the

condition (13) X,&, = Q. Developing the Hamiltonian

(11), one finds that the trajectories describe an island
topology in the phase space.

1 -
K=§CJ2+(pocosa (14)

where we have chosen 0, = 0, and

0°H,, O 3., ,
C= FYE O :|o+5‘]0 =& tXg (15)
5,
Using the resonance condition (13) for p=0, the
curvature C can also be written as ¢ = Q +X2- The

0

motion in (0, J) is described by the equation
da 0K 3T oK 5)
ot dJ ot da

whereas the angle @ is solution of the equation.

d¢

E:E Ox,J 17)

For small perturbations, the width of this island is

W, = 2(%)1/2 .We will call it electrostatic island by

analogy with a magnetic island .The island shape is then
essentially in the real space i.e.

1
K=EEO§2 +(, COS O (18)

this situation close to a magnetic island .

In the opposite case where the initial velocity is close to
zero, Eo T[T[XS, the position of the particle is almost
constant and the particle is trapped along field lines. By
trapping we mean that the velocity &(t) reverses it sign

periodically, similar to the bounce motion of particles
trapped in the minimum of a tokamak magnetic field. For

small deviations X, the bounce motion is described by
the island equation:

1
K=§x§>~<2 +(p, COS O (19)

The minimum of potential correspond to 00 =TT. The
condition for trapping along the field line is that the

velocity &, at O, = T verifies the constraint

12
Eo p 2[%] . The bounce angle is then determined by
3
12
9]

C. PARTICLES DIFFUSION

the equation 2cos(a, /2) =

The diffusion coefficient is evaluated in studying the
particle response to perturbations. We can study this
response by the investigation of evolution of particle
distribution function F(J ,t), where J is the vector (1, J).
F(J, t) verify the Vlasov equation

oF
a_t+[F’ H] =0 (20)

with F and H are represented by the Fourier
decomposition:

H=H,(Q)+) h,,expi(n® -at) (21)

F=F,(Q)+) f,,expi(n® -t

where @ is the vector (O, ()

The mean on angular variables of Vlasov equation gives
the flux term

r="3h_(inf,) (22)

The linearisation of Vlasov equation gives the relations:

oF, 0 0
=_ 9 p 2 (23)
ot 0Jk(Dq'dJ, Fea)

OH,,

_ 24
53, @ 4

with pg| = nZ\hn\znlnk X Z n,
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in the radial direction D becomes

:E@ (25)
b2 g

The island width is close to

W, = z@%@ (26)

I111. ELECTROSTATIC TURBULENCE
A. PARTICLES TRAJECTORIES

The trajectories described by the system (8) are
computed with a fourth order Runge-Kutta numerical
scheme. The time step is determined in order to maintain a
constant energy for each particle with a good accuracy.
The island topology as described by Eq.(14) has been
verified for the case of a single perturbation, as well as the

time invariance of the action variable
2
1=¢ _X?. All the case in the following are such that

Q =0, and all the phases a, =0, In this particular
case, the potential is given by the relation

: ¢

2L+1)

sin 5

O
¢= @ cos( a) o 27)

sin—
Ny

Particle trajectories are followed with a Poincaré map
corresponding to ’’poloidal’’plane, i.e. by plotting the
position (r,a) of each particle when it crosses the plane
® =0 [mod 21 .The fig-1 shows Poincaré maps

of N=40 particles, which is an initial energy E , = 4, for

6 values of potential (p,. The number of perturbations is 3

(L=1). The first case is still integrable : 3 islands appear,
localized on the resonant surfaces x=-1,0 and 1.Localized

chaotic regions appear for @, = 0,1 and spread up to a
fully stochastic situations (@, = 08). The critical
threshold is determined in the following manner : particles
are launched at X, =0, ¢, =0 with initial

O, equally distributed over the interval [O,Td(this
restriction is allowed since with zero phases O, the

system is symmetric when changing Oin —d). When
one particle reaches the edge of the box, it is considered
that the last KAM surface is broken. We found that the
onset of global stochasticity agrees rather well with the
S=2/3 criterion.

The case with many perturbations is a problem of
Hamiltonian chaos [4]. To evaluate the transition to

chaos, we apply the 2/3 rule, i.e. when we have the

1
condition R q)§ that is in good agreement with our
0
results.

The fig.2 shows Poincaré of N=100 particles, with an
initial energy E¢=8, for 3 values of parallel

velocityfo, The number of perturbations is 3 (L=1). We

can observe the trapping phenomena in the low velocity
domain. It is shown that an inward pinch occurs whenever
cold particles (by cold we mean particles with a velocity
smaller than the thermal velocity) diffuse faster than hot
particles

B. DIFFUSION COEFFICIENT

In the case where the Chirikov parameter is above the
critical value, the particles are expected to exhibit a
random motion. We will compute here two effective
*diffusion’” coefficient. The first one is determined from

the ratio <(x—<x>2)>/2t, whereas the second is

determined by computing an average exit time. It is
indeed well known that for particles launched in the

interval [- &d, &] in the radial (x), the diffusion
coefficient is given by therelation :
1 d2 i

-1
T B(2)+ B(4)d° + 36)5 4NN z

T.

D, = (28)

where  B(2)= §(1(+_212)2p
and  f(4)=(6)=0

We find a good agreement between the two methods.
The fig-3 shows quasi-linear and numerical diffusion

coefficient as function of the perturbation amplitude @

for several parallel initial velocities Eo . this figure show

that the computed diffusion coefficient agrees with the
quasi-linear prediction. We can observe that at low
velocity, the diffusion coefficient is lower than the quasi-
linear value, this can be explained by the fact that many
particles at low velocity are trapped in the potential
minima and leave the domain in a very short time scale,
with a non diffusive motion. The fig-4 shows the same

data as function of &, for different values of the potential.

In this figure, we can observes that the diffusion
coefficient decreases with the initial velocities.

The case at large velocity is close to the classical
problem of particle trajectories in presence of magnetic
islands [1,6-9,10]. At low initial velocities, our results
show that the behavior with velocity is less divergent than

the 1/ &, dependence predicted by the quasi-linear
theory. In fig-5, we represent the D/ D, ratio as
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function of the perturbation amplitude ¢ for several

initial velocities Eo according to Mendoca model. the

Do
e
-t

D/ Dql ratio converges to one for the case where

numerical diffusion coefficient coincides well with the

quasi-linear diffusion coefficient.
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FIG. 2. Poincaré maps of N

energy Eq=8, for 3 values of parallel velocity EO , ()

002, (b) & =05, and (c) & =3.
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The number of perturbations is 3 (L

FIG. 1. Poincaré maps of 40 particles, with a initial

energy E, =4, for 6 values of the potential ¢} . (a)

=01, (d)

006,(c) @
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of perturbations is 3 (L=1)
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IV. MAGNETIC TURBULENCE:

[E=N

A. EQUATIONS OF MOTION

If we consider a plasma in a magnetic field that it can
be represented in the form

B=B, +B

where B =11 A is the fluctuating part and A
is the fluctuating vector potential
A can be represented by a Fourier decomposition

A(r,0,¢) = iﬂp cos(a - pp +a,)

p=L

(29)

(30)

where we impose the amplitude A , constant for all

perturbations.

We have obtained nearly the same results, but the
difference between the electrostatic case is that the
parallel velocity is still constant. The differential system
for it is then:

X _ < A sin(g —
E_FZL v EA, sin(a —pg +a )
do
da —
ekl S = 31
at xE—-Q dt 3 (31)
e A
where e
M =T

this result has been already obtained by Sabot[11]. The
Hamiltonian for magnetic perturbation is then where

H=Hy(10)+ (v, & A Joos(a —pg +a,)  (32)

3

. 1 J?
with - ==(] + 2 _
He (1,J) > Qx 2(I 2) Q)

is the unperturbed Hamiltonian

§=¢ +¢

& =) v A cos(a —pp +a,)
p

For one perturbation, the calculation of Hamiltonian
involves that the trajectories describe a magnetic island
topology in the phase space.

and

K=%C32 +h, cosa (33)
0’H, 0O 3
where C :T;qm =1l +E‘]02 = Geq0 +X<§
g, .
The width of magnetic island is then
12
D_ VTS Eeq 0 AO Dl (34)

WA v B

B. DIFFUSION COEFFICIENT
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For the calculation the diffusion coefficient, we
proceeded the same that in the electrostatic case. The
usual assumption about the transport due to magnetic
turbulence was that many modes are present and that the
turbulence is well developed, and therefore that the quasi-
linear theory was applicable [1].We compute the diffusion
coefficient for different values of magnetic

perturbation amplitude with 100 initial conditions and we
have considered three interacting islands. The evolution is
the same as the electrostatic case, i.e., the diffusion
increases with the perturbation, this is shown in fig-6 for
six values of numerical diffusion coefficient compared

to Dql As expected, the agreement is fairly good. the

diffusion increases with parallel velocities (see fig-7)
contrarily to the electrostatic case where the diffusion
decreases with parallel velocities. This result is in
agreement with the quasi-linear theory . The ratio

D/ D, is plotted for several perturbation
amplitudes(see fig-8).

V. COMPARISON BETWEEN FIELD LINES
DIFFUSION AND PARTICLES DIFFUSION
ACROSS MAGNETIC SURFACES

The evolution of stochastic magnetic field lines has
been already studied numerically [11]. We  have
developped a numerical technique in order to study the
transition from partial stochasticity to global stochasticity
of magnetic field lines. We also introduced a model of
diffusion coefficient in order to study the diffusion of lines
through magnetic surfaces. The non-Gaussian dynamics of
lines has been analyzed using the Kurtosis parameter.
Laval [12] has given the particles diffusion coefficient

Dpand Field lines diffusion coefficient D | according to
relation D, =vD, where v is the particle constant

velocity along the field lines. So the field lines diffuse
across the plasma and the particle motion along these field
lines gives rise to the anomalous diffusion.

A. EQUATION OF FIELD LINES AND
DISCETE MAPPING

The magnetic field lines may be transformed in
mapping structure . Their general form is found in [8]:

Iker = I + Y Ky sin(m@y) (35)
m
Bk+1 =0 +lkn

where I = 2myy , Koy = (212 mf,, (36)

For m = 1 ,we find the standard mapping
The generalized mapping that we have used in this work
correspond to m =2 writes as

I +1= 1+ Kqsin(By) + Kysin(26y)
@37

Okar=OH

37
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B. THE POINCARE SECTION OF MAGNETIC
FIELD LINES - SIMULATIONS

To study the stochastic magnetic field lines we have
represented the Poincaré section described by the
generalized mapping Equations. (35) in the (J,0) and
(x,y) for different values of (K3, Ky). In the Figures (8-12)
the Poincaré section is represented in ({,6) plan,
whereas Figures (13-16) are in the (x)y) plan
with X =J00sO and y = ysing.

Figures 8,9,13 and 14 correspond to the case of weak
islands overlaping (partial stochasticity). There exist many
integrable trajectory (KAM tori) separating different
stochastic regions. On the other hand, in plots V 10,11
and 14,15 the islands are large enough to overlap (global
stochasticity). The stochastic regions cover all space
(there are no KAM tori). We note also that in this case
(K, #0) the last KAM tori is destroyed for values of K;

different to K. (K =0.97 is the Chirikov constant). The
transition points (K.,K;) from partial to global
stochasticity have been calculated numerically in [ 4].
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FIG.10. Poincaré section of the magnetic field lines for
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40

F. MISKANE, A. DEZAIRI, D. SAIFAQUI, H. IMZI

FIG. 11 .Poincaré section of the magnetic field lines for
(Ky, Ky) = (1.8, 1.6)
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FI1G.13. The evolution of stochastic magnetic field lines
in the plane (x, y) for valu (K, K;)=(0.12,0.08).
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FIG. 14.- The evolution of stochastic magnetic field
lines in the plane (x, y) for values of
(Kl, K2)= (09,09)
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FIG.15.- The evolution of stochastic magnetic field
linesin the plane (x, y) for values of
(Ky, Kz)=(1.8,1.6).

C. DIFFUSION OF MAGNETIC
FIELD LINES

In this paragraph, we have calculated numerically the
diffusion coefficient of magnetic field lines which are
described by the generalized mapping Eqts. (16). To this
end, we have used expression

o2 5 " 0

where n=50 is the number of iterations and n,=3000 is the
field lines number that we have considered. We have plot
(Figures. 13-17) the ratio D/Dq_ versus K; for different
values of K, (K,=0,1,5,10 and 15). The solid lines
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correspond to the analytical calculation Eq. (43) while the
points represent the numerical results. We see that the
analytical results agree with our numerical calculations.

When K,=0, the stochastic magnetic field lines are
described by the standard mapping. In this case the ratio
D/Dq. oscillates around the wvalue 1 (Fig. 13).
This ratio tend to 1 when K; increases. For K, is different
to zero, the oscillations become more and more close to 1
when K, increases.

250

200 -

D/DQL

1.00 -

050 1 1 1 1

FIG. 13. Plot of the ratio D/Dq_ versus K; for
the mapping standard ( K, = 0).
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FIG. 14. Plot of the ratio D/Dq, versus K; for K;= 1.
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FIG. 16. Plot of the ratio D/Dq_ versus K; for K;=10.
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FIG. 17. Plot of the ratio D/Dq, versus K; for K, = 15.
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COMMENTS OF FIELD LINES DIFFUSION

In the first part of this work, we have shown that
transition from partial stochasticity to global stochasticity
of magnetic field lines is produced rapidly with the
generalized mapping compared to results obtained for the
standard mapping.

In the second part, we have done an analytical
calculation of the diffusion coefficient using the Fourier
paths and the characteristic function formalism.Both
methods give the same results for diffusion coefficient.

VI. CONCLUSION

It has been possible to study the anomalous transport
induced by electrostatic and magnetic fluctuation. The
trajectories of particle guiding centers in presence of
perturbed electrostatic and magnetic field in a tokamak is
showed to be described by four equations of motion.

This system can be described with Hamilton equations,
using a set of action-angle variables. With only one
perturbation, the trajectories are associated with an island
chain in the phase space. The transition to stochasticity
occurs for increasing perturbation strength between
regions of the phase space. The diffusion coefficient of
particles is computed and compared to the quasi-linear
theory in each case. it is showed that the diffusion due to
magnetic turbulence increases with the parallel velocity
whereas the diffusion due to electrostatic turbulence
decreases with the parallel velocity. This behavior indicate
that electric fluctuations might be the dominant source of
anomalous transport for the particles at low parallel
velocity, whereas magnetic fluctuations effect particles
transport at great velocity. A comparison between field
lines diffusion and particles diffusion across magnetic
surfaces shows that the field lines diffuse across the
plasma and the particle motion along these field lines
gives rise to the anomalous diffusion.

[E=N
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