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We present an extension of the Lipowski-Suzuki (LS1) method for studying Ising models with two
sublattices ordering. The LS1 method, which was basically built up for investigating Ising ferromagnetic
models and yields very accurate results, it gives even the exact T, for nearest neighbour ferromagnetic Ising

model.
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1. INTRODUCTION

The numerical analysis of finite systems, even of very
small size, has proven to be an efficient approach in
investigating critical properties of two-dimensional spins
models.

In a recent paper', Lipowski and Suzuki (LS1) have
proposed a method for determining critical temperatures of
two dimensional ferromagnetic Ising model. This method
consists in combining the double cluster
approximation(DCA) method” and the transfer matrix
technique*’. It enables them to recover the exact critical
temperature for the nearest-neighbour ferromagnetic Ising
model on the square, honeycomb and triangular lattices. A
first formulation of this method has been presented earlier
by the same authors LS2°. Resuits obtained by LS2 are
rather poor compared to those of LSI, but a critical
comparison between both formulations is beyond the aim
of this work. Other works™, have shown that the LSI
method is very accurate in investigating critical behaviour
of several two dimensional Ising models, but almost in the
ferromagnetic domain.

This paper is a review of studies published in references
9 and 10, we extend the LS1 method for studying the
antiferromagnetic Ising models. The models are described
by the hamiltonian:

H=- 3% Jjs8i—his (1)
<i,j> i

Where <i,j> denotes the nearest-neighbour spin pairs and
s=+1. We shall present two models:

* In the first model we take Jjj as a constant

This model has been studied by several methods, series-
expansion method'"?, real space renormalization™",
phenomenological renormalization”” and Monte-Carlo
simulations'®. The conjecture of Miiller-Hartmann and
Zittartz” provides an analytic expression for the critical

temperature T (h) ,
cosh(h)=(sinh(2T /3))* (2)
* In the second model , h=0 and J; take the values:

J,=1,<0 for vertical bonds on odd columns and J;=J >0 for
all other bonds, as depicted on Fig.1,
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FIG.1: Ising model with nearest—neighbbur interaction J| and Jp
on the square lattice.
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FIG. 2: The ground states phase diagram.(a) and two types of
possible antiphase states (b).

where ferromagnetic bonds are denoted by solid lines and
antiferromagnetic ones by dashed lines. Hence the special
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case J,=-J, is the fully frustrated Ising model proposed by
Villain".

Depending on the values of the interaction parameters J :
and J,, this model has three basic types of ground state: the
ferromagnetic (F), the antiferromagnetic (AF) and the
antiphase (AP) states (see Fig.2a) where two of the
degenerate antiphase states are shown in Fig.2b

II. THE METHOD

We shall recall briefly the principe of the LS1 method
for Ising ferromagnetic model, the reader can refer to the
original paper' for more details.

Let us consider two strips of infinite length and finite
width under free boundary conditions. In the spirit of the
double cluster approximation®’, interactions within each
ribbon are treated exactly and boundary spins are merged
into an effective magnetic field. The magnetization (m) of
the strip is obtained by diagonalizing the corresponding
transfer matrix and performing the derivative of the free
energy. Suppose that spins on one side of the ribbon are
merged into an effective field h,, and spins of the opposite
side are merged into an other auxillary effective field h
following LS1 the critical temperature is given by

aux?

2 2
=1 d An =1 J /ln+l
An oh, ch = Ao oh, och
aux“eff haLlX:thf:O auxeff haux=heﬁ'=0

3)

where A, (respectively A, ,, ) is the largest eigenvalue of the
ribbon of width n ( respectively n+1 ).

It is obvious that for ferromagnetic models, boundary
spins are merged into the same effective magnetic field,
since the same interactions have been cutted on both sides.
However for antiferromagnetic models, one have to choose
a transfer which preserve the ground state and take into
account the nature of missing boundary interactions.
Obviously two types of transfer are possible, the double
transfer with staggered effective magnetic field on each
boundary (see Fig.3a) or the diagonal transfer with zig-zag
rows under homogenous effective magnetic tield (Fig. 3b).

The first case leads to the following transfer matrix,

Tu,w)=T,u,v)*T,(v,w) , (4)
where in the first case:

n
T (u,v) = exp[BU X (ujuip + ujv;)
= )
n
+h¥u; - hegrup + hyuxup)l

i=1

Ty (v, w) = explBU 3 (Vivigs + viw;)
=l
(©)

n
+h Zvi + heffvl - hauxvn )]
i=1
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FIG. 3a. Vertical rows of spins u, v and w on the square lattice
used to define the double transfer matrix T(u,w) on a strip of
width n.
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FIG. 3b. Diagonal rows of spins u and v on the square lattice
uscd in diagonal.
and in the second cas:

T (v, w) = exp[f], i(uiuiﬂ +u;v;)], @)
i=l

T (v,w)=exp[BY (Joviviy + Tiviwp)]l  (8)
f={

1=

u, v and w denote spins configurations of successive
vertical rows.B=1/k, T with T the temperature and kB the

Boltzmann constant. For the second case, a simple transfer
matrix with the same effective magnetic field on both
boundaries is enough.

Both techniques lead to the same results, but from
computational point of view the first one is more
convenient since the second required even strip's width.
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III. RESULTS AND DISCUSSION
A. The first model

We have determined the critical temperature which
separe the antiferromagnetic and paramagnetic phases, by
the numerical resolution of equation (3), for different
values of external magnetic field. For the zero external
magnetic field using the small size (n=3), as LS1' for the
ferromagnetic Ising model, we obtain the Onsager's exact
critical temperature” T/J=2.2691853.
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FIG. 4. The external magnetic field h/J versus the critical
temperature T /J. Our results are shown by solid lines for n=3, the
open circles give the Finite Size Scaling results for the strips of
width 6 and 8, the dashed curve gives series-expansion results,
while the dots denote the real space renormalization results.

For the h#0 it is not worthless to mention that the critical
temperature remains the same either by considering
effectives magnetic fields (h,and h,,) of the same absolute
value or not, since the derivatives are performed for
h,,=h,,=0.

In order to test the performance of our study, on Figure 4
we report the phase diagram T/J versus h/J, compared with
previous results obtained by other methods. As can be seen
on Fig 4, the accuracy of the method appears clearly, since
very small sizes (hence unsignificant computational effort )
enables to obtain critical temperatures of the same order of
magnitude as more complicated approaches.

In order to check the accuracy of the method, we analyzed
the convergence of the method, and this yields to an
exponential convergence. Hence we estimate the exact
critical temperature T, from a three-point power-law fit"” by
solving the equality,

|

the absolute values are necessary to overcome the oscillatory
nature of the convergence. The exponential convergence
observed by LS1 is obtained despite small value of the
exponent appearing here. In Fig.5, where we have plotted
Ln(IT,-T, ) versus n for the value of external magnetic field
h=1. We conclude that

Ln(n—1/n)

Tha1 — Tex n — Tex

Tn = Tex
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FIG. 5: The values of Ln(IT-T,J) as a function of the size n for
the external magnetic field h=1.

| Ty = Tex| < ™" (10)
where o=-0.14., we would like to point out that ¢ is
negative because of the oscillatory convergence.

The last interesting result concerns the slop of the h(T,)
in the limit T,—0, which is calculated straightforwardly
from the phase diagram, and is equal to N=-1 4986, in good
agreement with the known value derived by Baxter”,
say.n=-1.499.
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FIG. 6: The critical temperature T/J] versus the couplage
interaction Jp/J{ by Finite-Size-Scaling method for n/m=4/6

(triangle), n/m=6/8 (cross), n/m=8/10 (open circle), n/m=10/12
(square) and Lipowski-Suzuki method ~ (full line) for n=3 .

B. The second model

The phase diagram in (J2/J1,T/J1) plane as obtained

from LS1 method and compared with those obtained by
Finite-Size-Scaling based on transfer matrix calculations
(TMESS) is shown on Fig.6. It consists of two second
order transition lines, separating the ferromagnetic (J2/J1>-

1.) and the antiphase (Jp/J1<-1.) from the parramagnetic
phase. Again one can see that TMESS leads Tc(J2/J1=-
1) 0, which decreases with increasing system size. We

*
obtained the extrapolated transition points T, from a

three-point power-law fit""* which show very good
convergence, unfortunately Tc(J2/J1=-1) remains different



=

of zero, hence for this point more investigation, with large
system sizes, are required in order to conclude. We did not
found this necessary, since very accurate results are found
from LS1 method, in particular T¢(J2/J1=-1)=0 and this is

in good agreement with Monte Carlo simulations™?.

IV. CONCLUSION

We have thus presented in this paper a full study of the
phase diagram of the two square lattice Ising models with
extended Lipowski-Suzuki method. On one hand our
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results were shown to be completely consistent with
previous works concerning both Ising models and on the
other hand we found that it was very interesting to show
that a simple method (LS1) which does not required too
much computational effort, enables to get very accurate
result.

ACKNOWLEDGMENT

This work was supported by the PARS grant n°:
physique 035

" A. Lipowski and M. Suzuki, J. Phys. Soc. Jpn. 61 (1992)
4256
*T. Oguchi, J.Phys. Soc. Jpn. 21 (1966) 2178.
* A. Lipowski, J. Magn. Magn. Mat 96 (1991) 267.
“H. A. Kramers and G. H. Wannier, Phys. Rev. 60 (1941) 263.
* M. N. Barber, in Phase Transitions and Critical Phenomena
vol.8 ed. C.Domb and J. L. Lebowitz (Academic Press,
London and New York, 1983).
° A. Lipowski and M. Suzuki, J. Phys. Soc. Jpn. 61 (1992)
2484.
" K. Minami and M. Suzuki, Physica A 195 (1993) 457.
* K. Minami and M. Suzuki, Physica A 192 (1993) 152.
° M. Badehdah, A. Benyoussef and M. Touzani, J. Mag.Magn.
Mater 172 (1997) 254.
' M. Badehdah, A. Benyoussef and M. Touzani, to appear in
Physica B
" N. W. Dalton and D. W. Wood, J. Math. Phys. 10 (1969)
1271.

" D. C. Rapaport and C. Domb, J. Phys. C 4 (1971) 2684.
" K. R. Subbaswamy and G. D. Mahan, Phys. Rev. Lett. 37
(1976) 642.

" B. Schuh, Z. Phys. 31 (1978) 55.

" L. Sneddon, J Phys. C 12 (1979) 3051." B. P. Metcalf, Phys.

Lett 45 A (1973) 1.

" E. Miiller-Hartmann and J. Zittartz, Z. Phys. B 7 (1977) 261.

™ J. Villain, J. Phys. C. 10 (1977) 1717.

o i Onsager, Phys. Rev. 6 (1944) 117.

J. D. Kimel, P. A. Rikvold and Y. L. Wang, Phys. Rev. B 45

(1992) 7237.

*R. J. Baxter, L. G. Enting, and S. K. Zsang, J. Stat. Phys. 22
(1980) 465.

* D. Kandel, R. Ben-Av and E. Domany, Phys. Rev. Lett. 65
(1990) 941.

* D. Kandel, R. Ben-Av and E. Domany, Phys. Rev. B. 45
(1992) 4700.

20



