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We have study the low temperature phase diagram of a lattice model of the micellar binary solutions
(MBS) of water and amphiphile. The mean field approximation is used to investigate the phase diagrams of
the micellar binary solutions in the presence of a chemical potential of the amphiphiles for different values of
coupling interactions. New phases appear between water-rich and amphiphile-rich. Second and first order
transitions, tricritical, multicritical and critical end- points are obtained. By a simple low temperature
expansion argument, we have confirmed the states of lowest free energy in a mean field approximation.
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I. INTRODUCTION

In recent years great effort has been made in

experimental and theoretical physics to understand the
behavior of phase diagrams of amphiphilic systems.
Recently, several models of the binary mixtures of
amphiphile (it is a molecule of both hydrophilic and
hydrophobic parts) and water have been proposed in order
to reproduce the phases observed experimentally'”.
In general, the amphiphile molecules in the mixtures water-
amphiphile try to arrange themselves as to only expose
their polar head groups to the water molecules. In
particular, when the amphiphile wholly immersed in water,
the molecules again try to reduce the area of contact with
water in order to form the following aggregates (rods,
spheres, lamellar, ...). Precisely, when a hydrocarbon is in
contact with water, the network of hydrogen bonds
between water molecules reconstructs itself to avoid the
region occupied by hydrocarbon. This constraint on the
local structure of water decreases the entropy near the
hydrocarbon, and it results in an increasing of the free
energy of the system’. The extensive application of light
and neutron scattering and nuclear magnetic resonance has
produced a wealth of important experimental results which
agree with what is said above’,

For amphiphilic systems, the aggregation of molecules of
the binary solution induces equilibrium  processes
controlled by intermolecular and interaggregate forces’.
Micellar aggregates appear in various shapes and sizes,
depending on the amphiphiles, the concentration and other
thermodynamic parameters. This suggests a classification
of the aggregates into three general categories as follows:
1-Globular aggregates where a spherical micelle is a
prototype of this class. 2- Rod-like aggregates where a
cylindrical micelle is the typical example of this class. 3-
Bilayers where disk-like aggregate is a example of this
class. The choice among all the possible shapes is

determined by interactions between the hydrophilic
headgroups and geometric packing constraints on the
hydrophobic tails, but the transition from one shape to
another may be obtained by changing either the
temperature or the concentration or by adding a third
component.
With increasing amphiphile concentration a variety of
lyotropic phases are found (see 9-14). The phase diagram
for the system water and C E; ( i.e C;H,(OC,CH,), OH) is
reproduced by Strey et al” representing such phenomena.
At low temperatures, Gompper-Schick’ and Matsen-
Sullivan® have exhibit within mean field theory a two phase
coexistence between homogeneous water-rich and
amphiphile-rich phases. But at higher temperatures, there is
a single disordered phase. The phase diagram established
in” resembles that of the system C,E, and water’ for which

scattering experiments have carried out!4.

II. TWO DIMONSIONAL SCHNIDMANN-ZIA
MODEL

Concerning the microscopic approach, Shnidman and
Zia"“ recently proposed a lattice-gas model, based on
constructing a coarse-grained representation of different
types of aggregates occurring in micellar binary solutions
(MBS's) in terms of Ising variables. Namely, one
introduces on a lattice site (i,j) the Ising variable satisfying
si,j=t+1 for a micellar section and sj,j=-1 describes a region,

of comparable size, predominantly occupied by a solvent.

A single +1 spin completely surrounded by -1 spins is
identified with a globular micelle, and a linear chain of +1
spins surrounded by -1 spins corresponds to a rod-like
micelle. Finally, a spin +1 at the end of a chain of +1 spins
surrounded by -1 spins is called an end cap (see Ref. 16).

The Hamiltonian of the proposed model is a sum of three

terms:
H=HK +HJ+Hh,
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where Hg is effective at the intramicellar length scale,
representing many-body interactions responsible for self-
association and controlling the size and shape distribution
of aggregates, and Hj describes an effective short-range
coupling between the aggregates at larger intermicellar
length scale. Finally, Hp is the part controlling the
concentration of aggregates.
We assign negative energies -Kq and --K{, respectively, for
the formation of a spherical micelle and a rodlike micelle.
For an end-cap, the average -(Ko+K)/2 is chosen.
To write H explicitly, it is convenient to use the lattice-gas
variables

ty ;= (1+0i,j)/2 and Si,j = (1_Gi,j) 12,
For further convenience, we define the bilinear products

Ui = ti-1,jli+1

Vij = Si-1,iSi+1,j

Wi i = tic1,jSie1j T Si-1jti+l
and similar ones with i<->j. In terms of these operators, H
is

1
H=—KoZtv;vJ' —E(K0+K1)2 t(WjVJ‘ +v_iw_j)
K]Zt(UiVJ+Viu_j)—JZS(Uj+Vj)—hZS(t—S) (1

where we have suppressed all except the underlined indices
and the summations are over all site indices"”.

The Hamiltonian H is transformed in terms of Ising
variables, into the form

-H= 112(51 +122610j +13 ZGiO'j +J4 ZGicj

(1) (2) 3) 4)
+152610‘j(5k+J62010j0k +J7ZGiGij 2)
(5) (6) 7
+ng 6i0jokol +J9 ZGiGijcl
(8) (9
+J10 ZGiGijGle
(10)

The sum runs over all the spins in different sites, bonds
and loops on the following cell:

M-

—

k
and J l=(-5K()+8J+32h)/32, J2=-(4K“+2K|+81)/32, J =-(2Ko-
4K1)/32’ J4=—(K0+2K1+4J)/32, JS=(K“+2KI-4J)/32,' J(=(Kn-
2K1)/32’ J7=JK:K1/32, J9=Jm=—K0/32, ,
where KO, K]and J are positive. We notice that the model

describing the physical situation corresponds to positive
values of J.

A. Low temperatue analysis

|—

Our aim in this section is of the propose a description of
the ground states of the model and to describe the low
temperature phase diagrams in dimension 2 for certain
values of the parameters K, K, J and h.

1. Ground states of the model

To describe the ground states of the model we define a

covering of the lattice by lozenges, L, such that H:Z eL .
(o)) -

and LEG3 Gp Of

O4q

The different configurations of lozenges and their energies,

calculated from equation (2), are :

+ = +
+ — + 4+ + + o+ + +
Li + Ly + sly *
e =3 /5-8K 4K 32),  e,=31/SHK+6K 481, e=-
2K +4K +16]
- - - 4+ -+ o+ 4+ -
Ly — .z # kg ¥
e,=) 8K H4K,, os=1,/5-4K 72K -8), eg=-h/5+6K 8K,
o + e
¥ + + - - = 4 - -
Ly =  Jdg + «lg #
e,=-1 /5+6K 24K, e=] /5-16], €=, /5+16)
" + -
Lo — Ly — Lp
e =) /56K 6K 8T, e =3 /S+4K+2K 48, e =30 /5-

18K0+12Kl-16l.

We notice that for a given configuration of lozenges its
symmetricals by the rotation symmetry have the same
energy.

In order to obtain the ground states (By a ground state of
the system we will understand a configuration which is
periodic and for which the energy e, per lattice site is
minimal) we first propose to classify the energies €, €, ...,
e,, The minimum depends on the values of the parameters
K,, K,, J and h. After having found the minimum of e, ¢,

., €, .we choose to class them in an increasing order. Then
we searched for the covering of the lattice by a subset of
lozenges L,, L, ..., L,,, which leads to a ground state.

In order to discuss the phase diagrams of this model, it is
useful to introduce the ground states of the system which
are defined as follows:

We denote by G, the water ground state (g.s), G, the
spherical micelles (g.s), G, the rarefied spherical micelles
(g.5), G, the infinite rodlike micelles (g.s), G, the reversed
micelles (g.s) and G, the amphiphile (g.s) (see Fig. 1a).
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FIG. 1. (a) Ground states: Gy, the water ground state (g.s); G,, the
spherical micelles (g.s); Gs, the rarefied spherical micelles (g.s);
Gy, the infinite rodlike micelles (g.9); Gs, the reversed micelles
(g-s) and Gg, the amphiphile (g.8). (b) The configurations with
residual entropy of 55 - the spins & may take indifferently the
value +1 or -1. (b) The configurations with residual entropy of
(_}2 are governed by the following constraints: If £=-1, then the

next-nearest neighbors (NNN's) (€) of the spin € can take
indifferently the value +1 or -1. If E=+1, all the NNN's of the spin
€ must take the value -1 (From Ref. 17).

Their energies, calculated from equation (2), are the
following :
€0(G1)=h, ep(Ga)=-(Ko+21)/2,
€0(Gy)=-(2Kp+K1+47)/6,

£0(G3)=-(-2h+K+2J)/4,
£0(Gs)=-(K+K | +21)/4,

€0(Gg)=-h ; 4)
The phase diagram at zero temperature for different values
of the parameters, Ky, K; and J present five regions: (1)

K> K, and J< K- Ky (2) K> K, and 0<J<K]- Ky (3)
K0/2<K1<K0 and J>0, (4) K1>K0/2 and J>0, (5) K< K,
and J= K;- K, (see Fig. 2 and Ref. 18).
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FIG. 2. (a) The phase diagrams at zero temperature in the space of
the parameters J, h, with K>Ky. The points a,b,cand d correspond
to Ky,-Ky/2,-(2K;- K¢)/2 and -(4K ;- 3K)/2 respectively. (b) The
zero temperature phase diagram for the case where K/2<K<K.

(c) The zero temperature phase diagram for the case where
K <Ky/2.

2. The low temprature phase diagrams

The analysis we propose is a direct application of the
theory of first order phase transition performed by Pirogov

and Sinai!® and formulated by Slawny?20.
We first need to introduce the notion of elementary

excitations2!. By an excitation we understand a
configuration which coincides with a ground state outside
of a finite set of sites.

If X is a local excitation of a ground state Y, ie., X isequal
to Y outside of a finite set, then H(XIY) will denote its
energy with respect to Y. Let e be the set of all the
excitation energies :

e={H(XIY)/X is a local excitation of Y}, e={0, E, E,)...}.

In our case we observe that the energy of an excitation
(relative to the corresponding ground state) tends to infinity
with the size of the region where it differs from the ground
state and then the Peierls condition needed in the Pirogov
and Sinai theory is satistied for the 2- dimensional model.
Therefore we pay a particular attention to the elementary
excitations X, corresponding to change the configuration of
only one site in a given ground state (seeTable 1 in Ref. 17)
and the energy, E(X), relative to the ground state is defined
as the energy of the configuration X minus the energy of
the ground state.

If'Y is a configuration of the system equal to a ground state
configuration outside a finite large box A we verify that
there exist a uniquely defined configuration obtained from
Y by removing all elementary excitations with energy E(X)
less than B,

We define the set, e(Y,Ep), to be the restricted ensemble
of configurations of elementary excitations with energy less
than E .

The restricted partition function, ZR, of the configuration
of the set e(Y,Ep), is obtained by assigning to every
configuration of the set e(Y,Ey), its Boltzmann weight and
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give zero probability to the rest. The restricted free energy,
fR,, is obtained, as usual, by taking the limit when A goes
to infinity.

Since the elementary excitations are pairwise disjoint
support then one uses the usual small activity, O(X)=Exp(-
BE(X)), low temperature expansion to compute the free
energy of the restricted ensemble (fR).

Since different ground states
excitations and also different number of common
excitations, the free energies of different restricted
ensembles may be different. Having these free energies we
discuss the stability of the limiting extremal Gibbs states.

For a ground state Y let nj(Y,A) be the number of

excitations of Y in the box A with energy E, and ZX the

may have different

partition function of the system in A with Y boundary
conditions. For low enough temperatures we have :

1
Y logZX =nq(Y, A)Beg +n; (Y, A)e PE

+ny (Y, A)e PE2 + ... 5)
The multiplicities are the limits of the coefficients of this
expansion as A becomes large :
n; (Y)= Lim ni (Y, A) (6)
A—>oo
Then the free energy f(B) has the following asymptotic
expansion as T-->0:
f(B)=Peg+ nle_ﬁEl + nze_BEZ
+ vetnpe PEr 4 (7
To describe the low temperature phase diagram we need
to consider instead of G, and Gs certain restricted

ensembles of configurations in which we define, by
introducing the Ising variables € and § (Fig. 1b) the sets :
- G, thesetof configurations satisfying to the constraint :

if £ =-1 then the next nearest neighbors (NNN)(g) of § can
take indifferently +1 or -1 but when E=+1, all the LNNN)
take only the value -1. The excitations energies of G, are
given in table 2 (see Ref. 17).

B. Mean-field approximation

In this section we present the phase diagram of the
micellar binary solutions in dimension 2 in the space of the
parameters J and h (chemical potential of the amphiphiles)
for values competing interactions satisfying the condition
K>Kj. So, for the fixed values of h which are well chosen

in an interval given, we propose a description within the
mean-field approximation of phase diagrams in the (T.J)
plan where T is the temperature.

Our first motivation for this study was the well-known
fact that the parameter J for the fixed values of the
chemical potential of the amphiphiles, h, may change the
nature of the phase transitions in a fundamental way,
inducing the appearance of the critical end-points, tricritical
and multicritical points. Second, to verify that the model
proposed by Shnidman and Zia describe very well the
micellar solutions.

For different values of the parameters,J, with K{>Kq, we

established the phase diagram at zero temperature in the

|—

space of the parameters J and h (see Fig. 2a). This phase
diagram indicated all ground states which are defined
previously.

To characterize the different ground states, in the mean
field approximation, we introduce the parameters m;, (i=1,

... /) corresponding to four magnetizations on the four
sublattices. Hence, for example, the rarefied spherical
micelles ground state can be specified by (mj=-1 ,mp=-1

;m3=-1, mg=+1).
1. Mean field equations

In mean field approximation the free energy, F, of the
micellar binary solutions may be expressed as function of
the inverse temperature b, variational parameters hj,

i=1,...,4, the magnetizations mj, i=1, ... ,4, and h;, i=1, ...

,10, which are mentioned previously:
4

1 | <
B Elog2(cosh(Bhi))+ T E;(hi =Jpm;

— (J2 /2)(mi + mg )(m2 +m3)
—J3(mmg4 + mam3)
—(J4 12)(m} +m3 +m} +m})
~ (s / 4)((m1+ma)m3 +m3)
+(m2 +m3)(m] +m3)) ®)
—Je(mma(m3 +m4)+ m3ms4(m| +m2)
—J7(mims4(m| +m4)+mom3(m2 + m3)
—(Jg/2)(mim4 +mom3)(m|+ mg4)(mz +m3)
— (Jo /2)(mfmj +mim3)
- (J10/ 2)(m%m%;(m2 +m3) +m%m%(m1 +my))
where the function mj, i=1, ... ,4, that is the average
magnetization per spin, is given as follows:
m; = tanh (Bh;)
The mean field equations in this situation are obtained by
minimizing the expression of free energy, F, with respect to
the variational parameters mj, i=1, ... ,4, which combined
with the last expression of magnetization. Then the first
equation of this system corresponding to mj is:
my = tanh{B(Jl +2J,(myp + m3)+4J3my
+414m ) +J5(2m1(my +m3)+(m3 +m3))
+4Jg(m3mg + my(m3 +my ) )
+4]7(2mym 4 +m3) +4Jgmym7 (
+2Jg(my +m3 )(2mm4 + mymsz +m?)
+]19(2mm%(my + m3)+m3m3})))
In order to find the three other mean field equations
corresponding to mp, m3 and m4 we must exchange,
respectively, (mj<->my , m3<-> my) , (Mm<-> m3, Mp<->
my) and (m<-> my, my<->m3).
The physically relevant solution must be found which gives
the lowest value for mean field free energy.

2. Results

The mean field equations of lattice gas model for micellar
binary solutions give different regions of the phase



diagrams where the phase transition lines and the
multicritical points, especially critical and tricritical points,
are indicated.

In order to realize this, we construct T-J phase diagrams,
which exhibit a variety of phases, for various values of the
chemical potential of the amphiphiles, h. So, to describe the
behaviour appearing in the phase diagrams, we define,
L(i,j), as the phase transition line that possesses i and j as
extremities and , L(i,), if j as an infinite extremity.
Following Griffits”, we define the points: -B™A" as the
critical end-point which is the intersection of m lines of

second order and n lines of first order; g™ multicritical
point (which is the intersection of m lines of second order);

-A" the n-phase point (where n which is the intersection of
n lines of the first order). In particular we call C the
tricritical point which is the intersection of a line of second
order and a line of first order. Here we give the pertinent
cases only.

In the case he [-(1/2)(4K1-3Kg) , -(12)(2K1-Kq)] (here
we choose, for example, K{/Kg=2 and h/Kg=-2), the phase

diagram represent the following phases corresponding to

G1, Gy and G3. We distinguish that the triple point A3

separates the phase transition lines L(3.,A3) and L(A3,C) of
the first order transitions. The tricritical point C separates

the phase transition lines L(A3,C) of the first order
transition from one L(C,) of the second-order transition

(Fig. 3).
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FIG. 3. Phase diagram of the model for he [-(1/2)(4K-3K) , -
(1/2)(2K-Kg)] (for example, K/Ky=2 and h/Ky=-2) on the T-J
plane. Gy, G, and Gj are different pure phases. The solid lines are
first order transitions and the dashed lines are second-order

transitions.The triple point A and the tricritical point C occur.

In the case he[-K1/2 , 0] (here we choose, for example,
K1/Kp=2 and h/K(=-0.5), the phase diagram represents the

following phases corresponding to G1, G2, G3, G4 and Gs.
The critical end-points (BA?);, (BA2), and B2A separate
lines  L(1.9,BA%))),

the phase transition

L(BA%),,(BA),), L(BA%),,2) and L(2.1,B2A) of the

first order transitions from ones L((BA2)],B2A),
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L(BA%),B% and LB%AB3) of the second-order

transition. The multicritical point B3 separate the phase

transition lines L(BA®),,B*), L(B%A,B%) and L(B3, =) of

the second-order transitions (Fig. 4).
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FIG. 4. Phase diagram of the model for he [-K;/2, 0] (for
example, K/K¢=2 and h/Ky=-0.5) on the T-J plane. G, and G, are
pure phases. The solid lines are first order transitions and the
dashed lines are second-order transitions. The critical end-points

(BAz)Iand (BA2)2 and the multicritical points B3 occur.

In the case h=0 (here we choose, for example, K{/Kp=2
and h/Kg=0) on the T-J plane, the phase diagram represents
the following phases corresponding to Gy, (_}2 and (—}5 1
namely:

-Gy is the residual entropy (Fig. 1b)

corresponding to G,. Here we identified this phase by
observing the four sublattices magnetizations (mj, mp, m3,

state with

my) such that m;>0, mp<0, m3<0 and my>0 where the
sublattices corresponding to m; and my (resp. mp and m3)
are equivalent (resp. non-equivalent).

-Gs is the state with residual entropy (fig. 1b)
corresponding to G,. We note that this phase is
characterised, in the mean field case, by the disappearance
of the magnetization in some sublattice at J=h+K|-Kq (e.g
J=2.). For J<h+K|-Ky (e.g J<2.). the magnetization on this
sublattice increases continuously from 0 to +1 while J
decreases.

G 3//
e :
27 _) g %
g L I
0 2

FIG. 5. Phase diagram of the model for h=0 (for example,
K /K¢=2 and h/K¢=0) on the T-J plane. Gy and Gs are pure

phases. The solid lines are first order transitions and the dashed
lines are second-order transitions. The tricritical point C and the

e : 3
multicritical points B~ occur.



28 A. BENYOUSSEF, N. MOUSSA, L. LAANAIT AND N. MASAIF.

We point out that although there is a coexistence of two
ground states G, and G, at zero temperature for 0<J<Ki-

Ko, only one phase appears at non-zero temperatures.
Beside, the tricritical point C separates the phase transition

lines L(2.7,C) of the first order transition from one L(C,BS)
of the second-order transition. The multicritical point B>
separates the phase transition lines L(C,B3), L(2.,B3) and

L(B3,oo) of the second-order transitions (Fig.5).

We would like to point out that the study by means of a
direct numerical analysis of the mean-field equations
allows to establish the G, (the rarefied spherical micelles)
and G, (the reversed micelles) phases at high temperatures
and which disappear at low temperatures.

[II. THREE DIMENSIONAL SCHNIDMANN-ZIA
MODEL

To write explicitly the Hamiltonian proposed in three
dimensional, it is convenient to use the lattice-gas variables
Ii,j,k = (]+ Gi,jk )/ 2 and ti,j,k = (1 - Gi,j,k)/ 2.
For further convenience, we define the bilinear products
ujjk = ti-Ljkti+Ljk
uj ik = ti-1jkbi+1jk
Wi ik = ti-Ljkti+1jk Fli-Ljkbielik -
and similar ones obtained by changing i into j and i into k.
In terms of these operators, H is

H = Ko X 3 — 5 (Ko + K010
Slyw iy + 33 w) ~ 5 (K +K2)
Zt(ujwjak +Wiu_jﬁk+aiwjuk (10)
+0ju W + WU +ujujw)
— Ky 2t (ujli + Ujuji +U;u5ug)
—KZZt(uju:jﬁk "'ﬁiu-juls +uiﬁ-juk)
—JZE(uj+u_j+uk)—h2(t‘E)

where we have suppressed all except the underlined indices
and the summations are over all site indices!©.

We assign negative energies -Kg, -Ki and -Kp,
respectively, for the formation of a spherical micelle, a rod-
like micelle and a layer-like micelle (planes of +1 spins
surrounded by -1 spins). For simplicity, we give the
configurations of these energies in a two dimensional
system16. For an end-caps "spherical-rodlike", "rodlike-
layer", the averages -(Ko+K1)/2 and -(K1+K2)/2 is chosen
respectively.

To have an idea of the dependence of the energies -Kq, -
Ki and -K2 and the characteristics of the amphiphile

molecule, let 1 and v denote, respectively, the length and
the volume of the molecule. let also a be the area of the
head-group of the molecule. Then if a<3(v/l) the

amphiphiles prefers to organize in spherical micelles® and

|—

then the energy -K( is less than the others energies (-K1
and -K9). If now 2(v/)<a<3(v/l) the spherical micelles are
unstable and the rod-like micelles are the preferred micellar
geometry and then -K is less than the others energies (-K1
and -K2). Finally, if (v/1)<a<2(v/l) the layer-like is the only
stable aggregation geometry (among the three basic shapes
considered); so -Kp is less than the others energies (-Kq
and -K1).
The Hamiltonian H is transformed in terms of Ising
variables, to the form
_H=1,3,6;+2],2,0i0;+2J32,0{C;
) (2) (3)
+J42,0i6;+152.,6;0;0k +J¢ 2.0i0{0k
4) (5) (6)
+J7 2,600k +1§2,6;0;0x +Jo >.6{0{0k0]
@) (®) ©)
+I0 ZGi(SijG]+]“ZGiGij01 (11)
(10) an
+J13 2,6{0;0kG| +J3 Y.6i0{0kO O
(12) (13)
+J14 2,6i0{0K0 O + J|5 2,60 {0kOICm
(14) (15)
+J16 2,0i0{0kG10mOn + 117 Y,6i0{0kG0|OmCn
(16) (16)
+Ji3 Zoicjokclcmcncp
(13)
where J=h-((14K+6K|-15K2-487)/128), Jo=-(6Ko+6K|-
2K9-321)/128, J3=-(-4K(+4K|+6K2)/128, J4=
(2Ko+6K1+5Kp+16J)/128, J5=(2K(+6K | +5K2-16])/128,
J6=(2K-2K1-3K2)/128, J7=-(Ko+K1-K2)/128), Jg=-(Ko-
3K 1+K2)/128, Jo=-(Ko+K-K2)/128, T10=Kp/128, I11=-
(Ko-3K+3K2)/128, J12=T13=714=K2/128,

J15=T16=(Ko+K+K2)/128 and I17=118=
(2K+6K 1+3K2)/128
The summations (1), (2), ... ,(18) corresponding to the

configurations indicated in Table 1.1 (see Ref. 23) are the
sums which run over different sites, bonds and loops on the
following cell:

A. Low temperature analysis

We propose a description of the ground states of the
"Physical" three-dimensional model and to describe the
low-temperature phase diagram in the space of the
parameters T and h for certain values of the parameters K,



K1, Kp.and J in order to check the phase diagrams
conjectured by Shnidman and Zia.

1. Ground states of the model

Our aim here is to determine all the periodic

configurations of the lattice Z3 that minimize the energy U
(see the Appendix in Ref 23). For that, we devide the
research of the ground states of the model on two stages:

1- The first stage consist in supposing that any translation-
periodic ground state of the model is translation-invariant

in every of eight sublattices of the lattice Z3 and we
consider by m{, my,..., mg the parameters characterizing
the magnetizations on the eight sublattices (Fig. 7a). Then
we search, numerically, the values of the magnetizations
(m1, mp, ... mg) which minimize the energy U for given
values of the parameters of the system.

2- The second stage consist in checking that there is no
other ground states except those finding in the first stage;
hence it is necessary to use correctly the definition of a
ground state21: "A ground state is a periodic configuration
such that any local perturbation increases its energy and
then having a minimal energy”. Therefore it is useful to
look for the excitations (see below the definition of an
excitation) of all the preceeding periodic configurations
found in the first stage (see table 2 in Ref. 23). Hence we
found that the values of all the excitations of all the states
in the "supposed"-zero-phase diagrams are strictly positive
and then by a definition, all the states found in this later are
actually a ground states of the model (see Fig. 7b).

We only consider certain values of the parameters Ko,
K1, Kp.and J to describe the phase diagrams, at low
temperature, if we vary the chemical potential, h, of the
amphiphile component.

We denote by G the "water" ground state (g.s), Go the
set of "hexagonal" (infinite "rod" micelles), G3 the set of
"spherical” micelles, G4 the set of mixed "rod-spherical"
micelles , G5 the set of mixed "rod-layer" micelles, Gg the
set of "reversed" micelles, G7 the set of rarefied "spherical”
micelles, Gg the set of rarefied infinite “rod" micelles, Gg
the set of "lamellar" (infinite "bilayer" micelles), G the
set of rarefied "reversed" micelles and G11 the amphiphile
(see Fig. 7b).
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FIG.7: (a) (m], my, ..., mg) are the values of the spins on
the eight sublattices. (b) Ground states of the model: G| the
"water" ground state (g.s), G2 the set of "hexagonal”
(infinite "rod" micelles), G3 the set of "spherical" micelles,
G4 the set of mixed "rod-spherical" micelles , G5 the set of
mixed "rod-layer" micelles, Gg the set of "reversed"
micelles, G7 the set of rarefied "spherical" micelles, Gg the
set of rarefied infinite "rod" micelles, Gg the set of
"lamellar” (infinite "bilayer" micelles), G the set of
rarefied "reversed” micelles and G| the amphiphile.

Their energies,e(), are

€0(G1)=h, e0(Gp)=-(K1+27)/2, £0(G3)=-(Ko+31)/2,
€0(G4)=-(2h+3K1+K+9J)/8, €0(G35)=-(2h+K | +Kp+31)/4,
€0(Gg)=-(2h+3K+31)/4, €0(G7)=-(-6h+K+37)/8,
€0(Gg)=-(-2h+K1+21)/4, £0(G9)=-(K2+))/2, £0(G10)
=-3(2h+J+K2)/8, €0(G1)=-h. (12)

2. The low temperature phase diagrams

We analysis 3 dimensional model with the theory of the
first-order phase transition presented in Ref.19 and 20.

B. Mean field approach

Our motivation here is to provide, within the mean-field
approximation, a description of the states of lowest free
energy of the three-dimensional version of the model and
to describe the phase diagrams in the space of the
parameters T and h for certain values of the parameters K,

K1, K2.and J characterising the interactions of the model.

Then we check the conjectured phase diagrams proposed
by Shnidman and Zia. So, for this study was the well-know
fact that the chemical potential of the amphiphiles, h, for
fixed values of the coupling interactions, may change the
nature of phase transitions in fundamental way, inducing
the appearance of multicritical points.

In mean field approximation the free energy, F, of the
micellar binary solutions at three dimensions may be
expressed as function of the inverse temperature [,
variational parameters hj, i=1,....8, the magnetizations myj,
i=1,...,8, and Lis. 1=0;
previously:

,18, which are mentioned

e i 8
F=-=2 Log(2ch(Bhi))+= X him; +U (13)
SBi——'l 8i=l

where the function mj, i=1,..,8, that is the average

magnetization per spin, is given as follows:
mj=tanh(Bh;)
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The mean field equations in this situation are obtained by
minimizing the expression of free energy, F, with respect to
the variational parameters hj, i=1,...,8 which combined with

the last expression of magnetization. Then the first equation
of this system corresponding to mj is established in the

Appendix in Ref.23.
The others mean field equations corresponding to m?,

m3, ... , and mg must be obtained using the permutations
indicate in the Appendix in Ref 23.

C. Results and discussion

In the case Ko>K|>K2 (here we choose, for example,
Ko=6J, K1=3J, Kp=]) the phase diagram shows the
existence of the following phases corresponding to the
ground states Gy, G3 and Gjpj which are defined

previously. The tricritical point C separates the phase
transition lines L(-4.5,C) of the second order transition
from one L(C,4.5) of the first order transition (Fig. 8).

G G

| h
45 11.5>

FIG. 8. Phase diagram of the model for Ko>K1>K2 (for
example, Kg=6J, K1=3J, K2=J) on the T-h plane. Water
(G1), "spherical" micelles (G3) and amphiphile (G]1) are

the pure phases. The tricritical point C separates the phase
transition lines L(-4.5,C) of the second order transition
from one L(C,4.5) of the first order transition.

In the case K1>K2>K( and K{<2K7 (here we choose,
for example, Ko=2J, K1=6J, Kp=4]) the phase diagram
shows the existence of the following phases corresponding
to the ground states G, Gg8, G2, Gg, G10 and G11 which

are defined previously. Moreover, the critical end-point

BA2 separates the phase transition lines L((A3)] ,BA2) and
L(BAZ,CZ) of the first order transitions from one
L(Cy ,BA2) of the second-order transition. The triple points
(A3)1, and (A3)2 separate the phase transition lines L(-

4.(A%))), L(A%) | BA?), L(C/ (A%),) and L(A”),,7.5) of

the first order transitions. The tricritical points C; and Cy

separate the phase transition lines L(Cl,(A3)2) and

2

L(BA ,C2) of the first order transitions from ones

L(Cl,BAz) and L(C,,.5) of the second-order

transitions.(Fig. 9).

FIG. 9. Phase diagram of the model for K1>K2>Kq (for
example, K1<2Kp, Ko=2J, K|=6J, Kp=4]) on the T-h
plane. Water (G1), rarefied infinite "rod" micelles (Gg),
"hexagonal" (infinite "rod" micelles) (G2), "reversed"
micelles (Gg), rarefied "renversed” micelles (G10) and
amphiphile (G11) are the pure phases. The critical end-

point BA2 separates the phase transition lines L((AS)],BAz) and
L(BAZ,Cz) of the first order transitions from one L(CI,BAZ) of
the second-order transition. The triple points (A3)1, and (A3)2
separate the phase transition lines L(-4.,(A3)]), L((AS)],BAz),

L(C],(A3)2) and L((A3)2,7.5) of the first order transitions. The

tricritical points C1 and C, separate the phase transition lines
L(Cl,(A3)2) and L(BAZ,CZ) of the first order transitions from

ones L(C1 ,BAZ) and L(C2,.5) of the second-order transitions.

FIG. 11: Phase diagram of the model for Ki>Kp>Kp (for
example, Kg=4J, K{=6J, K2=J) on the T-h plane. Water (Gp),
"hexagonal” (infinite "rod" micelles) (Gp), "spherical" micelles
(G3), mixed "rod-spherical” micelles (G4) and amphiphile (G11)

are the pure phases. the critical end-point (BAZ)] and (BAZ)7
separate the phase transition lines L(-4.,(BA2)]), L((BA2)1,A3),
L((BA2)2,A3) and L((BA2)2,5.16) of the first order transitions

from one L((BAz)l,(BAz)z) of the second-order transition.

For the case where K|>Ko>Kp (here we choose, for
example, Ko=4J, K1=6J, K»=J) the phase diagram shows
the existence of the following phases corresponding to the
ground states G1, G2, G3, G4, and G||. Moreover, the



[—

critical end-point (BAZ)1 and (BAZ)2 separate the phase

transition lines  L(4.(BA%)),  L(BA%) AY),

L((BA2)2,A3) and L((BA2)2,5.16) of the first order

transitions from one L((BA2)],(BA2)2) of the second-
order transition (Fig. 11).

STUDY OF A LATTICE GAS HAMILTONIAN . . . 31

IV. CONCLUSIONS

We have presented some new theoretical and numerical
results concerning the phase diagrams of the micellar
binary solutions. We find that this model describes
qualitatively the micellar phases observed experimentally®,
Also, we check that the conjectured phase diagrams
proposed by Shnidman and Zia is correct.
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