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The effect of buffer layers on resonant states in a Multi-Quantum-Well (MQW) sandwiched between
two substrates, is investigated here theoretically. These resonances appear as well-defined peaks in the
density of states (DOS). The local and total density of states are obtained from an analytical determination of
the Green functions. Due to the substrate/buffer layer/ MQW /substrate interaction, different kinds of
resonant states are found and their properties are investigated. We show in particular that an incident electron
in the left-hand side substrate is transmitted in the right hand side substrate of the structure with large time
delays in the phase time. The peaks in the phase time associated with the transmission coefficient are found to
be similar to those corresponding to the DOS. The intensity of these peaks associated with extended states in
MQW’s and Tamm like states lying at the MQW/buffer layer interface, strongly depends on the width of the
buffer layer.

The electronic structure of a Multi-Quantum-
Well (MQW) with n-wells consists of the formation
of n-level energy[1-3] because of the coupling
between adjacent wells. Furthermore, with periodic
potential of very large n eventually approachs the
band model. For an infinite periodic potential in
Kronig-Penny model[4], there is formation of energy
minibands separated each other by minigaps[3]

whose widths and positions are characteristic of the
layer sequence. If the periodic structure is
interrupted by having a buffer potential barrier
higher or lower than that in the bulk superlattice
(SL)[5-8], or by having the last well wider or
narrower than the rest[9-12], localised states occur in
the forbidden bands. These states are called surface
states or Tamm states[13]. Because of the presence
of the substrate barrier at the outermost of a
quantum structure, this surface state presents a
bound character. The resonance behaviour of the
tunnelling exists when the substrate barrier, which
serves as a support for the devices, is lower than
barriers in the rest of the quantum structure
(MQW). The resonant-tunnelling is studied in
earlier works, first the resonant-tunnelling diode[3,14]

in double barriers structure, the resonant-tunnelling
bipolar transistor[15], triple-barrier structure[16-22],
quadriple-structures[23] and multibarrier
tunnelling[24,25]. However in all these studies, the
surface states have not been dealt in resonant-
tunnelling structure.

In a previous work, we have dealt with
resonant states in a single quantum-well
structure[26]. The aim of this work was to investigate

the effect of the size and the nature of the mediums
surrounding the quantum well. In this
communication, we are dealing with a more
complicated structure which consists on a MQW
sandwiched between two substrates with an
embedded buffer layer (Fig.1). The latter structure
is different from the former one and presents new

Fig.1 : Potential profile representation of a MQW
(with 4 wells and 5 barriers) sandwiched between
two substrates with an embedded buffer layer. d1,
d2, and db are, respectively, the thickness of the
well, the barrier and the buffer layers. Eb and EMQW
are, respectively, the barrier heights of the buffer
layer and the MQW. m1, m2, mb, mS1, and mS2 are,
respectively, the effective-mass of the well, the
barrier, the buffer and the two substrates S1 and S2.
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features because of the existence of minibands
separated by minigaps. Different kinds of resonant
states induced by the MQW/buffer layer in the
continuum of the substrate bulk bands are
investigated. In particular, resonant states localised
at the interface between the MQW and the buffer
layer  (called Tamm states) are found.

The Green’s function is calculated by using
the interface response theory[27] in composite
materials in which the solution is first searched in
the restricted space of the interfaces before being
extended to the whole material. As a consequence,
our system becomes equivalent to a simple linear
chain with a pseudoatom located at each interface
of the MQW. The Green’s function approach
enables us to calculate the local and total density of
states (DOS), and allows us also to determine the
transmission and reflection rates as well as the
phase times. The phase time is considered[28] to be
relevant physical time to describe the motion of
wave packets narrow in wave-number space. There
are several other times[29-31], however the only well-
defined and well-established one[30] is the ‘dwell
time’ which is the average time spent in a given
region by all incoming particles. We show that the
positions of the resonances obtained from DOS
coincide with those given by phase time and
transmission rate. The half widths of the peaks in
the DOS and phase time are related to the lifetime
of the resonant states. We avoid the detail of the
analysis which is similar to that of Ref. [32] and
only report the expressions of the total DOS and the
transmission rate as well as the phase time in the
appendix.

In the following we give a few illustrations
related to a MQW deposited on a buffer layer of
different material than those in the MQW, and the
whole system is bounded by two substrates. The
MQW is modelled by a finite bilayer superlattice
(SL) with the surrounding layers being of barrier
type (see Figure 1). The thicknesses d1 and d2 of the
layers in the MQW are assumed to be equal.

For numerical calculations, the AlxGa1-xAs-
based system has been chosen, as it exhibits
excellent growth characteristics and enables one to
realise and to manipulate a wide range of potential
profiles. In such a structure, the potential barrier
height and the effective-masse value for a given
region are determined by the Al mole fraction xi in
the corresponding AlxiGa1-xiAs semiconductor
(i=1,2 for the MQW layers, i = b for the buffer
layer and i = S1 and i = S2 for the two substrates).
These quantities are given by[5]: Ei(xi) = 944xi meV
and   mi(xi) = (0.067 + 0.083 xi) mel, respectively,
mel being the free-electron mass (after Ref. 5).

Figure 2 gives the variation of the electronic
energy levels versus the buffer layer thickness of
the system depicted in Figure 1. To this purpose, all
the other structure parameters are fixed, in
particular, the number of layers composing the

MQW (4 wells and 5 barriers) and the Al
concentrations: x1=0 (in the layer 1 made of the
GaAs well) and  x2 = 0.4 (in the layer 2 made of the
Al0.4Ga0.6As barrier). This results in the effective
masses and potential barriers: m1=0.067mel, m2=
0.1002mel ,V1=0 and V2= 377.6meV. The
thicknesses of the layers are taken to be equal to
40Å. The MQW with the buffer barrier is
sandwiched between  two GaAs substrates (see
Fig.1). The potential barrier height of the buffer
layer is chosen to be higher than the MQW
potential barriers, namely, xb=0.6 (buffer layer
made of Al0.6Ga0.4As barrier) with mb= 0.1168mel
and Vb= 566.4meV. The potential profile is
sketched in figure 1.

Fig. 2: Variation of the energy levels of resonant
states as a function of the thickness of the buffer
layer barrier. The arrows in the left axis give the SL
minibands edges and the arrows in the right axis
indicate the heights barriers EMQW and Eb of the
MQW and the buffer layer respectively.

All the branches in figure 2 represent resonant
states induced by the buffer/MQW system in the
continuum of the bulk bands of the GaAs
substrates. These resonant states are obtained from
the maxima of the DOS, shown in figure 3 for a few
values of the thickness db. The arrows in the left
axis of Fig.2 give the limits of the infinite
superlattice (SL) minibands and the arrows in the
right axis indicate the potential barrier heights of
the MQW (EMQW) and of the buffer layer (Eb)
respectively. All the curves situated below Eb
represent resonant states of the MQW, and appear
as well defined peaks in the DOS of figure 3 even
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Fig. 3: Variation of the DOS versus the energy for
db=0 (a), db=50Å (b), db=150Å (c) and db=200Å
(d). The vertical arrows at the bottom axis energy
correspond to the limits of the bulk bands.

though they are in resonance with the bulk states of
the surrounding  substrates. The corresponding
energies of these resonances present a small
variation with db (see figure 2), and the number of
states inside each miniband reflects the number of
wells constituting the MQW (in this example, we
have 4 wells). However, the states lying in the first
bulk band are very sharp and belongs to the
quantum wells (see Fig. 4(a)) as their energies lie
below the MQW barrier, while the states lying in
the second bulk band are broadened and belongs to
the whole MQW (see Fig. 4(b)) as their energies lie
above the MQW barrier. It is well known that in
such heterostructure, due to the coupling between
adjacent GaAs wells, there is formation of discrete
energies whose width and position are characteristic
of the layer sequence, and for large number of
wells, the discrete levels form a quasi-continuous
miniband[3,24]. The alone state lying in the forbidden
band above the second miniband (see figure 2)
represents the internal surface state induced by the
presence of the buffer layer potential barrier as it is
illustrated in figure 4(c). This internal surface state
is a resonant state and appears as well defined peak
in the DOS of figure 3 for db≠0 (see the mode
labelled 3 in Fig.3(c)).  Moreover, the intensity of
this internal surface state increases with the

thickness db of the Ga0.4Al0.6As buffer layer and for
large values of db, the intensity of the internal
surface state remains constant. On the other hand,
the energy level of the internal surface state is
considerably affected by the buffer layer barrier
height (not given here) namely, either the level and
the intensity of this state decrease when the buffer
layer barrier height decreases. Concerning the
curves lying above Eb in figure 2, they present a
noticeable variation when db increases and tend
asymptotically to the limit of Eb when db�∞. These
resonances correspond to waves with predominant
amplitude in the buffer barrier (see below), even
though they are propagating in the whole system.
An analysis of the local DOS as function of the
space position x3 (figure 4) clearly shows the
localisation properties of the differente kind of
states belonging to different energy range. The local
DOS reflects the spatial behaviour of the square
modulus of the wave function (i.e., the charge
distribution). Figures 4(a) and (b) correspond to the
states respectively labelled 1 and 2 in figure 3(c),
showing that these resonances are confined in the
MQW. Figure 4(c) correspond to the resonant state
labelled 3 in figure 3(c), showing that this state is
confined at the MQW/buffer layer interface and
decays on both sides of this interface as its energy

Fig. 4: Spatial representation of the local DOS for
E=117.8meV (a), E=444.9meV (b), E=515.09meV
(c) and E=580.34meV, for a given buffer layer
thickness (db=150Å).
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lies in the minigap region. Vertical and horizontal
lines represent the potential profile. The existence
of such a state is induced by the broken symmetry
of the MQW equal barrier sequence; furthermore,
the wave function will be partially reflected by the
Ga0.4Al0.6As/Ga0.6Al0.4As interface. This is quit
similar to the case of a thin transparent slab with
one side coated with semi-reflection mirror
material, where the incident light will form some
quasistationary wave at some special wavelengths.
Figure 4(d) corresponds to the state labelled 4 in
figure (3c), showing that this resonance rather
belongs to the buffer layer barrier. In the continuum
of the whole system, the electron confinement is
almost predominant in the barriers. A similar
behaviour was found for electrons in a single
quantum well[26], a quantum step[33], MQW[34],
excitons[35], optical waves[36], where above barrier
states are localised in the barrier rather than in the
well regions. In figure 5, we illustrate the
transmission rate versus the energy for some few
values of the buffer layer thickness db. For db=0, if
the energy of an incident electron coincides with a
resonant state, the electron is completely
transmitted. Figure 5 shows clearly that the
transmission rate decreases with db (figures 5(b)
and 5(c)) and for large value of db (figure 5(d)),
only the continuum states of the whole system
(above Eb) are transmitted. Thus, by increasing db,

Fig. 5: The transmission rate versus the energy for
db=0 (a), db=10Å (b), db=50Å (c) and db=150Å (d).
The arrows indicate the potential barrier height Eb
of the buffer layer.

the buffer layer barrier prevents more and more the
tunnelling of electron waves through the MQW
leading to the lake of informations in the
transmission rate about resonant states below Eb. In
this case, only the phase time gives us informations
on the interaction of an incident electron with the
resonant states confined in the MQW below Eb.
Indeed, for a better characterisation of these
resonant states, we give in figure 6 a comparison of
all the quantities cited above (DOS and phase time)
for two values of the buffer layer thickness: db =0
(figures 6(a) and 6(b)) and db =150Å (figures 6(c)
and 6(d)).

In figure 6, the DOS and the phase time give
both  the same behaviour. Indeed, the full width at
half maximum of the peaks in these two latter
quantities is related to the finite lifetime of the
resonant states in relation with the uncertainty
principle. Meanwhile, the intensity of the peaks in
the DOS gives the weight of the resonances, while
the intensity of the peaks in the phase time
describes the time needed for electron to complete
the transmission process. The transmission phase
time is interpreted as the delay motion of the
electron to appear in the substrate lying on the
right-hand side of the buffer layer/MQW device.

Fig. 6: Energy dependence of the DOS (a) and (c),
and the transmitted phase time (b) and (d) for db=0
((a) and (b)), and db=150  ((c) and (d)).The arrows
indicate the potential barrier height Eb of the buffer
layer.
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In conclusion, a complete and closed-form
expressions for the local and total DOS were
obtained (see the appendix). These expressions
enable us to derive the dispersion of resonant states
for electronic energy levels in the substrate/buffer
layer/MQW/substrate system taking into account in
this structure, the effect of the size and the height of
the buffer layer barrier separating the MQW and the
substrate as well as the effect of this latter material
which serves as a support for the device. We have
also calculated the transmission rate and the
transmitted phase time expressions. The transmitted
phase time present similar behaviour as the DOS
versus the energy and both quantities are better
characterising the resonances than the transmission
rate. The transmission rate quantity show that the
buffer layer barrier may prevents some electron
waves from tunnelling through the MQW when its
thickness becomes large. This result show that the
buffer layer barrier is of considerable interest of
optimising the energy window for resonant
tunnelling and control surface-related phenomena
in mesoscopic systems. The observation of the
resonant tunneling states through such MQW’s
studied here may be possible via the measurement
of a current and a conductance versus an applied
voltage[38,39].

As a final remark, let us mention that the
different results presented in this work will not be
probably affected by taking into account the non-
parabolicity effect. Indeed, it has been shown[40]

that the effect of the non-parabolicity on the
electronic structure of GaAs-GaAlAs MQW’s is
negligible and so can be the transmission rate and
the DOS.
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APPENDIX

Each material i (i=1,2) in the SL is
characterised by its effective-masse mi, the potential
barrier height Ei and thickness di. Similarly the
buffer layer and the two substrates involve,
respectively, the parameters (mb,, db , Eb) and (mSi ,
ESi (i=1,2)).

Let us first define the following parameters in
each material i = 1, 2, b, S1, S2
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In particular, the bulk dispersion relation in
the infinite MQW [37] is
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The expression of the total density of states
can be written as the sum of five contributions

n(Ε) = n1(Ε)+ n2(Ε)+ nb(Ε)+ nS1(Ε)+ nS2(Ε)

where n1(Ε) and n2(Ε) are the contributions of
layers 1 and 2 of the SL, respectively, and nb(Ε),
nS1(Ε) and nS2(Ε) come, respectively, from the
buffer layer and the two substrates. Actually, in the
two latter terms, we subtract the contribution of the
bulk of the two substrates, which are an infinite
quantities and write nSi(Ε)= nB(Ε) + ∆nSi(Ε)
(i=1,2).
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The poles of the Green’s function give the
localised waves, namely,

0=−∆   .
Consider a wave function of incident electrons

in the substrate S1 (see figure 1) represented by the

plane wave 3xse α−  of unit amplitude. The incident
electrons are scattered from the interfaces between
dissimilar layers constituting the system. The
amplitude of transmitted electrons CT(E) in the
substrate S2 is expressed as
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+
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The transmission rate T is written as

2

1

2  )E(C
F
F

T T
S

S=                   (A6)

The phase time, i.e. the time that it takes the
peak of an electron packet to appear in the right-
hand-side substrate medium is given, in the
stationary phase approximation, by

                            
dE

d T
T

θτ = ,                         (A7)

where π2=h  is the Plank’s constant and θT is
the phase of the transmitted amplitude of electrons
in the right-hand-side substrate (Fig.1).
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