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Abstract: We present a study of Mott scattering of polarized electrons in the presence of a laser field with circular
polarization using the helicity formalism and the introduction of the well known concept of non flip differential cross
section as well as that of flip differential cross section. The results we have obtained in the presence of a laser field are
coherent with those obtained in the absence of a laser field. We have compared our results with those obtained by B.
Manaut et al [5] who described the process of Mott scattering of polarized electrons in the presence of a laser field
with linear polarization. Some differences in the theoretical results obtained are reported.
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l. Introduction

This work deals simultaneously with three important
topics in Atomic Physics, namely the spin of a Dirac
or a Dirac-Volkov particle, the concept of a spin
polarized relativistic particle and finally how the
polarization of the laser field affects the process during
the scattering of such particles. Many focus issues and
international symposia had already been devoted to
this subject. To begin with, the first book entirely
devoted to the theory of laser-atom-interactions was
due to M. H. Mittleman [1]. It dealt mainly with the
non relativistic aspects of such processes. In 1997, a
pioneering paper by C. Szymanowski et al [2] dealing
with the process of Mott Scattering in a circularly
polarized laser field, used the formalism of Quantum
Electrodynamics and the system of atomic units to
provide very interesting physical insights that paved
the way for other works for the community of atomic
physicists. In 1998, a focus issue of the Journal Optics
Express [3] provided the state of the art reached at that
time and was devoted to the relativistic effects in
strong electromagnetic fields. Y. Attaourti et al [4]
studied the relativistic electronic dressing of the elastic
excitation of relativistic atomic hydrogen by electron
impact in presence of a circularly polarized laser field
as well as the effects of the polarization properties of
the laser (elliptic, linear and circular) on such a
process. B. Manaut et al [5] used a linearly polarized
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laser field and the concept of polarized electrons to
study the process of Mott scattering. S. M. Li et al [6]
devoted a nice article to the process of Mott scattering
in the presence of a linearly polarized laser field of
medium intensity. The article of B. Manaut et al [5]
will serve as a guide to get some physical insights and
differences between these two processes particularly
how the laser polarization affects or gives different
results and how we can shed some light on those. It is
important, before presenting our investigation about
laser-assisted Mott scattering of polarized electrons to
sketch the principal steps of our treatment. For purpose
of clarity and simplicity, we begin by the most basic
results of Mott Scattering of polarized electrons in the
absence of a laser field. Then, in the presence of a
circularly polarized laser field, we give a detailed
account of the formalism used and we compare the
results with those obtained in the absence of a laser
field. The organization of this work is as follows: in
section 2, we present the laser assisted Mott scattering
of polarized electrons in a laser field with circular
polarization. In section 3, comparisons and differences
of some of our results with those of B. Manaut et al [5]
are investigated. Finally, we end by a brief conclusion
in section 4. Throughout this work, we use atomic
units and work with the metric tensor
Gy = diag(1l,—1,—1,—1). In many equations of

this paper, the Feynman 'slash notation' is used. For
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any 4-vector 4, A= A"y  where the matrices y are

the well known Dirac matrices. See [13] for more
details.

Il. Theory

The 4-vector potential A“ chosen is such that :

A¥ = a *cos (@) + ay¥sin () (D)

the polarization 4-vectors @4 * and a,* are such

that :
a,* = lalel = 1al(0,1,0,0) (a;.a,) =—]a ? =
—|Al?

(2)
And
a.* = |lale =1al(0,0,1,0) (a,.a,) =—lal * =
—|4|*

3)
I Eq (1), ¢=(kx)=kx* with

# = (k*,0,0,k%) = ¢/, (1,0,01) A* satisfies the
Lorentz condition :

kA% =0 (4)

which implies (k.a;) = (k.a,) = 0 i.e, we choose
k along the direction of the Oz axes. Now, in presence

of a laser field, the Dirac wave functions describing
the incident and scattered electrons have to be replaced
by the Dirac-Volkov wave function [8] which are
given by :
¥, () = Rlq) 22 e50ad ©
KA KA
=1+ —-
2c(k.q) 2c(k.p)

R(a)=R(p) =1+

(6)

The function S(q,s) appearing in Eq.(3) is such that :

S(g.s5) = —(q.x) — == sin(¢) + i

cik.p)}

I:l_| E;."
S cos(9) ()
One has for the transition matrix element:

Spe= _E j déx@ﬁ'_.‘ (1) ﬂcou;‘ (l)wﬂ' (1) (8)

It

One must be very cautious not to confuse the Coulomb
4-vector potential due to the charge of the nucleus with
the 4-vector potential of the circularly polarized laser
field. As before one has y® /|x| and therefore:

Spe= =) dhrdy (1) = Y, (%) ©)

Now, we transform e @=)-iSlar=]} if we introduce

:= Jal T az (10)
with
ay = o, =B SR
we get :
5(qs%) —S(apx) = —(a:— a5 )x —
z sin(¢ — @y )
(12)
where :
cas(gp,) = Rj ar sin(g,) = ':: (13)

Now, let us look closely at the quantities in Eq.(9).
First, we have:

o, (Y, () =
i(p;, s )R(p, W°R(p)u(p, s.)
(14)

In particular, we remark that:

R(p;)7°R(p,) = fL+c(p, )[aK cos(g) + a,Ksin(4)]}
x 7 {L+ c(p; )[Ka, cos(g) + Ka, sin(¢)]}
=% +c(p, )[aKky® cos(g) + a,ky° sin(¢)]}

xy° {L+ c(p;)[Ka, cos(g) + ka, sin(4)]}  (15)

Before invoking the well known relations involving
ordinary Bessel functions, we have first to transform
Eg.(15) in a more compact form. Eq.(15) contains nine
terms, and after some algebraic calculations the final

result for R(q,)y°R(q,) = R(p; )y°R(p,)

R(q;)y°R(q) = Cy + Cicos(@) + Cysin(¢) (16)
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With
C, = 70 - 2kanKC(pi)C(pf )

C, =c(p;)r ka, +c(p;)aky® (17)
C, :C(pi)Vokaz +C(pf )azk?/o

Now we have
1 B,
cos[cﬁn]l —izsin(g =) =3%__i1B4. (18)
Sin(‘p) S:E
With

5. JA(2)et% (19
) 51:‘ = 4 UE—']. E:jeffkf—'i.".‘-“o __||r5—‘_|_ (:jE‘il‘E_i'llp':'].,-"IE
CA

Therefore :

-

n=—oo

= Z L,e™é  (20)

n=—0oc

R ) R@)= ) [GB.()+ G (@) + CBan(3hgg ™ i e

where
I, = C,B, (:) + 5B, (:) + 58, (:) The
transition matrix element becomes:

Sy =122m6(Q; — Q; +nw)—

Using the standard procedures of QED, one obtains for
the polarized DCS, we have :

do _ do 22
do, Z. do; =
where :
de™ q-l2% 1 _, :
0 = — ) ;.|'“"[Pf4 5'_.‘}1—‘-:?!}“(;05’55”
d; gl c* Iql (23)

evaluated for Q. = @, +n «w. The squared matrix

element is given by:
_ 2
’u(pf’sf)ru(pi’si)’ =

1+ A4, 7.8 —1+A
Tr{l‘n%(pfcjtcz)l“n ;/5 L(p,c+cC )}

(24)
With 1y

n

=y TTy?  (25)

I11. Results and discussion
Before presenting the results and their physical
interpretation, we would like to emphasize the fact that
the REDUCE code we have written gave very long
analytical expressions which were difficult to
incorporate in the corresponding Word manuscript we
wrote to extract figures and tables. From now on, the
pair of indices #, f will stand for * non flip * and the

index f alone will stand for " flip ". For the non flip
DCS, let us simply write

(26)

Tdn d

- £
LB =
M ——0a

where :

do® g1

- MCTEA(A =1=1)3a) 808 =4 = [Rle) 1)

Fel ==l 001 = A= 1), )l 1)

Thg four coefficients . .
A(A(AR. =1), B(A, =4, =1), c(A, =4, =

1) and D(4; = 4, = 1)

are very long to write down so we prefer to focus on
their global contents instead of giving tedious details
and explanations. First, we noticed that in both
coefficients _

A(A;= 4, =1)and B[4, = 4, =1), thereisno
occurrence of the various completely anti-symmetric
tensors =4,z (Where the indices are Lorentz ones and

take integer values from 0 to 3). This clearly means
that these tensors were totally contracted and we ended
up with two tractable coefficients that where very easy
to incorporate into the main FORTRAN code. Let us
remind the reader that we used throughout this work,
the convention :
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fo123 — 1
meaning that z,5,; = 1 for an even permutation of
the Lorentz indices whereas .z, ; = —1 for for an
odd permutation of the Lorentz indices and finally
£.ey5 — O otherwise. Second, the coefficients
B(d;=A;=1)and D(4, =4, =1)
various non contracted tensors. For example in EH,J:,

there are thirty one non contracted tensors involving
£.py5 Whereas in D, - there are sixty four. Particle

physicists are very often dealing with these. As for us,
we were confronted for the first time with coefficients
like for example in B s

contained

7 By v &

E['ﬂlquj ijfj = Ec’ﬁ}'éﬂ?ﬂf H}Tﬂ:!} (28)
7 gy v &

slay,aq., k,v) = €apys AT 0o K p° (29)

Such coefficients are, at first sight, very complicated to
evaluate. But, when following the conventions of A.G
Grozin [9], we found that the only non-vanishing
contribution of @, corresponds to the Lorentz index

e = 1 while the only non-vanishing contribution of
o, corresponds to the Lorentz index 5 =2 These

helpful values are due to the choice of the 4-potential
A*. Also, it allows to deduce that the only non trivial
indices remaining for k" and ,af’ are the pairs
(¥ =00=3andd =3 So, the non contracted
tensor (. a5, k, p,) reduces to :

£lay, ap ko) = lal*[e120: k"0 + €125k 071 =

jaf* 2 [Ip;l cos(6,) — =]

(30)
where &, is the angle between the initial electron
momentum and the Oz axis. The coefficient
s(ay,a,, k,vv) is easier to evaluate since the Lorentz
index corresponding to v+ = ((1,0,0,0) is zero & = 0.
So, the only choice left for k is ¥ = 3. Thus, we have.

It is not necessary to give the whole set of the
coefficients involving the non contracted tensors
appearing in B, - and D, .. It is sufficient to

follow the rules concerning the tensor ¢,p,; and the
geometry chosen for a;, @, and k bearing in mind
that a} = |ale} = |al(0.1,0.0),

a; = |ale) =1al(0,0,1,0), and finally
ke = f (1,0,0,1). The same holds for the coefficients

B(2,

= —,r{f = 1} cored E'[:H:- = —}Lf = 1}

.

do/dQ,

o T T T T T 1
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Fig 1: Envelope of the unpolarized relativistic DCS scaled in
10712 .11 as a function of the energy transfer scaled in units of

the laser photon energy {1 for an electrical field strength of
E = 0.01 a.wuanda-relativistic parameter ¥ = 2.

The complete expressions of the coefficients , B, €
and D in both cases (nf, f) can be found in [9]. It is

important to remind that these coefficients occur only
in presence of a laser field. If we put 4* = (0,0,0,0),

we easily recover the results of section 2. Now, let us

turn to the discussion of the results concerning

d"r;'dﬂ_ and d"r,-"dﬂ_ . The relativistic regime
' ' i 1

el
M. ]

corresponds to a relativistic parameter ¥ = 2 and an

electric  field strength of medium intensity
£ = 0.01 a.u. We have to show numerically that

the sum of (DCS). and (DCS),, . always gives the

unpolarized DCS and second, the non relativistic
description for the unpolarized DCS must give the
unpolarized DCS we have found in the formalism we
have developed. Once again, there is a weak
asymmetry between the emission part of the envelope
and the absorption part of the same envelope for the
unpolarized DCSs because of the presence of the
denominator |g|* in Eq.(23). In Fig.(1), we show the

fdﬂ'."

envelope 0 /1 as a function of the net number of
! =T

photons exchanged.
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.

a.&

Degres of polanzation P

Fig 2: Degree of polarization P for an electrical field strength of
E = 0.01 a.1iandarelativistic parameter ¥ = 2.

The cutoffs are n = —1500 photons for the negative
part of the envelope and = 2 +1504{ photons for the

positive part of the envelope. The geometry chosen for
Fig.(1) is &, =45° ¢, =0° f. =75° and

Fl
@, = 90°.

DCS(up)
e | seeseees DCS(down)

unpolarized DCS

DCS (a.u)

Fig 3: The various relativistic DCSs scaled in 1077 a.u asa
function of the angle Eff in degrees for an electrical field strength
of E = 0.01 a. uand arelativistic parameter ' = 2 for the

circular polarization of the laser field. The corresponding number
of photons exchanged is =200,

One many ask legitimately if such cutoffs are
geometry-dependent. The answer is that indeed they
are geometry dependent since for a different choice of
the initial, final momentum angular coordinates p; and

p; hamely & =30° ¢, =0° & =75° and

4

¢, = 90° the cutoffs obtained are n = —1600

photons and # = +16&600photons. For the degree of

polarization shown in Fig. (2), we obtained a
qualitative result similar to that of a linearly polarized
field. We reached the same conclusion as in [5] that
the degree of polarization

do (L)
an;
23 . doeD) GL)
a0 a0

a-.t: a-.t:

F=1

is weakly dependent on the number of photons
exchanged. This degree of polarization P varies as a

function of the angle &, for the following geometry
(6, = 45° ¢, = 0°, ¢, =90°and 0 = 6, < 180.

To begin with, we have made simulations concerning
the various DCSs for a set of net number of photons
exchanged. These sets

(£100, 200, +300,+400,+500, +1000)  showed

that the order of magnitude of the non flip DCS is
close to the unpolarized DCS but the contribution of
the flip DCS is not completely negligible even if it is
small compared to both. The behavior of the three
DCSs when the number of photons exchanged
increases has an influence over the numerical values of
the differential cross sections but as we are limited in
our computational capabilities, it is not possible to
achieve numerical convergence but the most important
result is that the sum of DCS(up) and DCS(down)
always gives the unpolarized DCS as this is shown in
Fig.(3). Now, the comparison between the results for
the circular and the linear polarization of the laser field
must be addressed. Fig.(4) shows that the various
DCSs for circular polarization of the laser field are
lower than those for linear polarization of the laser
field. This property has been checked for various
geometry and a first simple physical explanation is as
follows: when embedded in a linearly polarized laser
field, the electron travels in an electric and magnetic
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fields that are perpendicular whereas in a circularly
polarized laser field, it travels also in an electric and
magnetic fields that are perpendicular but at the same
time rotating in a circle whose radius corresponds to
the magnitude of the field. Consequently, the
probability that the electron scatters with the heavy
nucleus is lower for the circularly polarized laser field
than that corresponding to a linearly polarized laser
field. As this probability is directly linked to the
concept of differential cross section in scattering
theory, the results shown in Fig.(4) are coherent with
this explanation.

—— DCS(down) circular
DCS(down) linear

3,0 4 - DCS(up) circular
DCS(down) linear

"""" Unpolarized DCS circular
Unpolarized DCS linear

2,5

2,0 H

DCS (a.u)

0,5+

-180 -135 -90 -45 0 45 90 135 180

Fig 4: Comparison of the various relativistic DCSs scaled in
107" @. 1 a.u as a function of the angle E‘J: in degrees for an

electrical field strength of E = (.01 .1t a.uand a relativistic

parameter = Z. The corresponding number of photons
exchanged is +200

V. Conclusion

In this work, we have checked that results already
known in the absence of a laser field are also valid in
presence of a laser field, at least in first order of
perturbation theory. The motivation of this study was
to compare the order of magnitude for the various
DCSs in the relativistic regime that we already found

in [5] particularly in the case of a laser field with linear
polarization and we have found (see Fig.(4)) that
indeed when scaled in 107, both DCSs are of similar

order of magnitude and shape. Moreover, when
focusing only on the formalism for polarized electrons,
the main difference between the linear and the circular
polarization of the laser field, is that a thorough
analysis of the contents of the formal expression of
DCS(up) and DCS(down) is more complicated in the
case of the circular polarization than the linear
polarization of the laser field and this is due to the fact
that these two DCSs contain non contracted symbols
that we had to deal with for the first time. We
succeeded in the simulations of the main two
consistency checks namely that the sum of DCS(up)
and DCS(down) always gives the unpolarized DCS
regardless of the number of net photons exchanged and
also that in the non relativistic limit, both unpolarized
DCSs (non relativistic and relativistic) give very close
results. We also gave the envelopes of the two
unpolarized DCSs in both regimes for the sake of
illustration. The asymmetric deviation from the elastic
peak is now weaker than in the case of an electric field
strength of £ = 1 a. 1 since the intensity of the laser

we choose is now a medium electric field
E =001 a.u. The envelope for the relativistic

regime was also obtained. Needless to say that
working in simple precision, the results presented are
nonetheless sound and coherent.
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