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Abstract: The aim of this paper is to prove the existence and uniqueness of the problem's solution:
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Z— [ ﬁ:i-{u}—u] = AF(uw)+ P(x,t) onRXIR*
—~ dx;L Y 7 ox;

P}y eE= c(IrR*,c® (M) n c(IR* HF (@) nc*( IR, L? (1))

u(x,t) =

0 on ANXIR*
\ u(x,0)=u, forallxinf

Our basic idea is to adapt an approach coupling between two processes:

1. An iterative scheme that helps to exploit all the results obtained in [11][15].

2. A construction of solutions sequence (™), in &, which converges to the solution of the problem.
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I. Framework study

Given a three dimensional superconductor €
immersed in a cryogenic bath, it thermal state is
managed by the problem (Pe) [1][7][9][10][15]:

C(';Zaﬂ _Zai%lksf(”)j_:l = AF(u)+ P(xt) onOXIR'
=
(PB} u€Ek= C( IR+,C0 (ﬂ)) N C( IR+,H01(H}) n Cl( IR+,L2 (ﬂ])

u(x,t)= 0 on dNXIR*
\ u(x,0)=u, forallxinf

Where £ and k&, are, respectively, the specific heat

3]
and components of the thermal conductivity tensor. In
fact, the mathematical assumptions made about these
thermophysical functions reflect their physical natures;

they are defined on IR* to IR of classC?, strictly

positive, lipschetz functions, and bounded with their
derivatives.

68

A is a bifurcation parameter assembling al intensive
data of the problem, and P is an input parasitic
responsible of any possible thermal disturbance:

IP(x,t) < M forall (x,t) EQXIR"

F is the term of energetic competition between a

power dissipated by Joule effect G, and that absorbed
by the cryogenic bath Q:

F@) = 6()— Q)

The diversity of the techniques carrying out the
superconductive state and\ maintaining its thermal

stability, generates a whole of acceptable classes US,
for the term F. These classes are characterized

primarily, but not only, by the existence of an
element @+ = 1 such\ as:

F(uy)=0
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Let us note, moreover, that all elements
of US,are &2 and null for the negative values
(u < 0).These assumptions represent the noted
hypothesis Hy In a quasi-general way, there are

three techniques or systems of cooling ( Helium I,
Helium II and the temperature control by the field
edges). Each system is modeled by the hypothesis
Hgyand an only hypothesis H,, with m € {1,2,3}

such as:
- H; :

there  exists

F(up,)=0 and

Ug = Ug such as
F'(wu)<0foralu =u,

-H, :
li F = F,
L RORES
- Hy:
. Fiu)
Fy, >0 suchas Im,_, .. ( —) <y, and

u

lim,, .. F(u) = +

Then, we  define classes of this term as
follows:

U™ ={F checking H0 and Hm }

Thus, the general class UE, is defined by:
3

Ut = U um
m=1

The whole of these assumptions are deduced from
nature of experimental curves, given by the various
cooling systems.

Lemma 0.0.1 For all m €{1,2,3}, F checks the
following growth [10][15] condition:

There exists two constants

F_ >=0and q_ =0 suchas:

|[F(u)| < F, lul9m
(1)

withi < m < 3
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In other words:
IF(w)| < a(x)+ b |ul?/e
(2)
Where a is a function in LF (2) and » and g are

conjugates.

I1. Sequence of similar problems (Pe, n)
Let w, be the unique solution, in £ of the following
problem (Peg_ ) [11]:

r

3
du 1 du
- - . — = t
e(xt) o ._Ei ﬂxi[k”(r't} BIJ AP(w)+ P(x,t) onXIR

\ u(x,t)= 0 on INXIR*
\ u(x,0) =u, forallxin]

We set:
U°(x,t) =u(xt)
and we choose by convent:

c(x,t) =1 and ﬁ:g{x, t) =1

T

Then, we define two sequences from 2 X IR™ to

IR™ as following:
c"(x,t) = C(U'"_"{x, t}] and kj;(x,t) = k;; (U“_l{x, t}:l

Where U™ *(x,t) is the only solution of the problem
P(e,n)similar to Pe defined by:

s 3
du 1 du
-1 _ |1 = +
(1) ” Z ﬂxilk‘f (x,t) ﬂxj AF(u)+ P(x,t) omOXIR
(Pe,n) =

u(xt)= 0 on aNXIR
\ u(x,0)=u, forallxinf

™ A1

Lemma 0.0.2 a) The function =™ is £+ on

N X IRT, strictly positive and bounded with all its
partial derivatives.

b) For all i,j € {1,2,3}, ki; s strictly positive,

£ on £ X IRT and bounded with all its partial
derivatives.
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Proof. As U™ is a solution, there is a constant
1 > 0Osuch as:

sup"Uﬂ_l{x,.}" =< < oo
>0

forxonin

This result allows to recover, for =™, all mathematical

properties associated to c. In other words, =™ is £ on
1 X IR strictly positive and bounded with all its

partial derivatives; more precisely:
€g = €" <X ¢ 3)

The same reasons allow to conclude that kT, are

lon % IRT |
bounded with all its partial derivatives such as:

strictly positive, increasing of class &£

k< kb <k,
“)

Remark 0.0.3 The positive terms of the sequence
(U™ ) uso are  well defined, because that for

everynt == 1, U™ exists and is unique in E.

I1I. Convergence of the sequence
(U") nzo

For each iteration 1, we define two functions:

F(u) P(x,1)

T s am * P Jt = 1 s -
(1) o (x1) ™1 (x,1)

Lemma 0.0.4 1. Letm € {1,2,3} we have:

Fon (u) =

F e UL & Fn € Ul
2. The function P_n is bounded for every 1 = 0.
Proof. For all n = 0, we have:

¢" (x,t) > 0 forall (x,t) on 2XIR*

F_n checks forall v € E:

i
.Fc'l'! {u} = — F{u}
<o
Continuity and differentiability of F_n are deducted

from those of F and «. This proves the first point of
Lemma.

For P | we have:

IPe () =1<— |P(x,t)] fordl (xt) on 2XIR*
]

Hence the second result.

For all m =1, there is a
continuous linear operator from
D, = L*(IR*, Hy (M))n c°(Ir*, 12 (1))

L*(IR*, H™1 (22)) suchas the problem (Pe,n)can

be written as the followings semi-linear form :

Proposition 0.0.5

%t L) = AFx (W) + P,a

(6) (6)

And

L;ﬂ(u} = 5;—111{x t}__ El-j' 1'! {x t} ,ﬂ.:;
(7

Where {1 and &% are two explicit functions.

Proof. Since =™ is strictly positive for all m = 1 we

put:
;_,ﬂ

- i
b
€ij ontl

As EE} € C'(2XIR™), we can define el by:

d k 1 ﬂﬁ:?‘-
no_ ty
€ij — dx. \ ot el | dx,

If we develop the term:

S b2

Lj=1

and then we introduce the linear operator &L, from
D, into L*(IR*, H™* (1)) :

Ly

z
,..ﬂﬂu

- du
Lin() =Eij=i(ef; — &) 5, — L= &5 FRr

®)
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For all m=1, (Pe,n) is transformed in the Hence the first point.

following semi-linear form: . . o
& Now, to prove the second point, since the derivatives

of k7% and < are bounded:

24 L, = AF.x () + P

i
~3
) leR(xt) — el (xt) | < 5 W0U™(x,8) —U™(x, O] + B
With
B is a constant independent of the difference
1_ = 1_ =
ln=e;—&; and = &; [U"(x,t) = U™ (x, 0.
Let us show now that the operator &, is continuous. Remark 0.0.7 The operator & ,4is defined by:

Indeed, using the same techniques given in
[11][15],» € Hj (1), we have: _ W i( 1 )_ 1 du oy 1 P
Lr'ﬂ(u} Eijj':l(: 3.:,- E[’.ﬂ 0[’.!‘]) va.fi Eijj:l c[r..l:]a.ziar.j

[< Lo Qo> | < Ml | ol (12

Theorem 0.0.8 For all 2 <p < ©0 the sequence

Where #i is the following positive constant:
(U™ ) p=p converges in the space L¥(£2).

M= sup|e|N?+ sup|é?|N?+ 2CN?
ij=1 ij=1 Proof. To prove the theorem, we have to prove that

. N (U™ ) .=0 is a Cauchy sequence in LFP(42)for all
Lemma 0.0.6. There are strictly positive constants p E[2,+ o[

my,m, and B such as:

Let m,m = 1 since the terms U™ and U™ are

For all
i,j €{123), for din,mand for all (x,t)on 02X IR* solutions, respectively, of (Pe,n+ 1)and
we have the two following majorations: (Pe,m+ 1), we obtain:
. . N L (UP)= AF,= (U™) + P (x1)
|e§}[x,t} — &7 (x,t) | < m,y |[U™(xt) —U™(x,t) | at tm € et L
10
(10) U™
?‘F L,__m{um )= AF_m (U™ ) 4+ P_m (xt)
el (xt) — el (x 1) | m,lU™(x,t) — U™(x,t) | + B
(11) In ] 0,t*[ small set of time, we can write:
Proof. Let (xt) € RXIR'.Since K& are ) )
B n m — t m n t n m
bounded we have: Um-U"= fﬂ (LU Loy (U™ ))de + 4 Iﬂ (Fa (U*) - Fon (U™ ))dt

~ ~ i
|e§}{x,t} — e (x, t}l < 3 .

n+l — ~mil "
lc™*(x, ) — ™ (x,t) | + | (Pr () - P (x1)dt

As £ is lipschtz function, we obtain: 0
_ _ kel Or we have for all functions f and g the following
|EE}'[L t) —e;(x, )| < = inequality:

U™ (x,t) — U™(x, t)] ‘
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f(x)+ g@IF < (If)I+ 1gx))? < 27(
LF()IP + lg(x)IF) (13)

Now, integrating over :

l‘- U - U [Pdx
< z’FJ I [Lp(U™)-Ly, (U ) dedx
[ 162 07) - (07t
voer| ol

gy I I P (29) P ()P dtdr = iri
b =1

Now, we proceed by treating each term of the above
increase.

i, we have:

- For the quantity
(14)
Or P is bounded, so:

P Pl
L < === lum - U= 115,
(15)

- Similarly for i, we have:

[For (U)=Fan (U < IFgr (%) =Fie (U1 [Fx (UF) - Fen (@)1 (26)

Or F
second form of lemma 0.0.1:

checks the growth condition, so using the

— a{x} + — IIJ’l
Co Co

|F o (UP)—Fen (U™)] <
Then

1 b?
fwcﬂ (U™)=Fa (U™)]P dx < —lea(x)lpdx + —,,JIU“— U™ dx
C Cn

0

As a—— = 1, we have:
-1

P
u™|e

17 b?

JL@ (07)~Fis (VP de < — [la(Pds + —P[ml— umP ds
C C
]

0

If we use, on one hand, the first expression of the
growth condition for F(U™)and on the other hand

the fact that « is a lipschitz function, we find:

2 Fo
= o™ jun - U™

“'ﬂ

|Fn (U™)—Fm (U™)] <

Finally, we obtain the following increasing:

Zpap 2Zp 9p
2% )P FP[P
- F—“{IIU o)™ £¥llUP - U115 o
]

- For the first term  i;, we have:

|Lt,m(um )_ Lt,ﬂ.(un )l 5 |Lt.m(um )_ Lt.m(un )l + |Lt,m(un )_ Lt,n(un )l

To establish the increases to follow, we use the fact
that derivatives of the functions Uu, un . um (

element of E) are bounded. In other words, for all

n = 1 there are
two constants MY and M7 such as:

a*un
0x;0%;

au™
—| < M7

ox and

< M

Then we take:

M, = supM? and M, = supMj

We note that the linear operator L ., checks:

(U FLon0%)] <2V sup |+ sup [ez]) + 247 sup [e
WELN LN LFLLN

And using lemma 0.0.6:

aun

Z|e..,— e

Lj=1

IL,.(U™)-L. . (U™)] <
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N
=~ T -~ T
+ E |Eij E3j

L,j=1 ij=1

Then, we find that:

(U™ Ly (U)] < NP (my -+ mg )y U~ U™+ N8, + NP M, JU"— U

By integrating this expression over {2, we have:

I < 2% N (m, + m, )P M Pel[U™ — UG

+
2% N7 (m )" MpPt*||U™ — U™l ) + 1020yt

With 3 is the constant given by:

y= 4% (N p*M," + ( sup |el|+ sup |E )Mip
=12, =12,

i -

+22 N7 swp |7 MP)

i,j=1.2..N

So finally we have the following for all I;, i = 1,2,3:

1— L
( :-t) |lu=— “m"fp'm] =p
17)
Where @ is a constant strictly positive and does not

depend on the difference( U™ — U™), and p the
constant :

22p 1@
P = (c—p lall 00y + |ﬂ|'.|f')
0

Inspired by the technique used by Cazenave and
: [, , for all

Haraux, quite to choose t* € ]0,
ptas

£ small enough, (U™ ) ., is a Cauchy sequence in
LP(12) forall p € [2,4 co[. Then, there is a limit ¢
in L7 (2) forp € [2,+ o2[. suchas:

U®* - U in IP(1) forn — w

IV. Convergence of the similar problems
sequence

We have shown that the sequence of solutions
(U" ) n=e  converges to a unique solution in

LP(0) for all p € [2,4 oo[. In the following, we

will show that this limit is the global solution to the
problem (Pe)

Lemma 0.0.9 1. There is a subsequence (c™),, of
(c™),, which converges uniformly to a limit ™ in
IR™

2. For all i,f we can extract a subsequence of
(k:; )n Which converges to a continuous function

EZ inIR™.

Proof. By virtue of theorem 0.0.8, there is ¢ in
LP(2) limit of (U™ ) ;.o . Then, the partial
converse of the Lebesgue dominated convergence

theorem prove that there is a subsequence
U™(x,t) = Ulx,t) for all (xr,t) € QXIR*

In other words, for all £>= 0, there is an integer
N; such as for all m; = N, and for all

(x, t).

[Umi(x,t) — U(xt)l < e (18)
Since < and Ec!.d,. are continuous, we have:
c(U™i(x,t)) = c(U(x,0)) = c™

ki (U™ (x,8)) = k;(U(x, 8) = k;;™

Now, we will prove the uniform convergence of
(c™), to <™ In fact, we have:

lc™ (x, t) —c™(x, t) | = le(U™) — «(U)]
Although, £ is a lipschitz function:

lc™i (x,t) —c=(x,t) | < LIU™(xt) — U(x,t)l
Then, we obtain:

lcei(xt) —c=(xt) |= 6§ =1,¢

hence the result.

Similarly, since k,; are lipschitz functions, we find

that convergence is uniform. This proves that the limit
is continuous.
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Corollary0.0.10 1. The functions sequence z 32v PP

{Eij) (resp. {EU):} contains a subsequence which + Z f|(~ﬂ: _ Py dx
x.0x;

converges uniformly to a limit function &g;( resp. e;; L.j=1 o

2. The functions sequence F_ncontains a

subsequence F_n; which converges uniformly to a By passing to the limit, we find:

function F e

N
2 2
3. There exists a subsequence of P_n which converges J’ll"-"i(v] B L:'m[v]lzdx < (gf + g: )"?ﬂlf + glelwillf

to a function P _m=.

With
N
Now, we denote L{DL*,LZ(IR"',H _1{:11}) the space Z_v
of the continuous operators from D, to H ~1(12) with = a #
th :
© notm Then, we obtain:
IIT"L[DI_E.L“{IH"'.H_H:H]) = IIT“L = lv-‘il;?qlllTv"H':
o F]
.”L try (1'?:} - Lr.m(‘r}l dx < £3
And we define the operator L, by: (19)
N 821 In addition, for the second term we have:
Lew(@) = Z (e — &) 5~ Z & 0x.0x; el —el
i.j=1 ij=1 v - U’ < 1,
dx,
Proposition0. 0. 11 The sequence of operators
(Lm!_) converges, in L(D,,L2(IR*,H 1(2)) to and
the operator L, .. 3 (En, _g=
. —L——|< 7
Proof. Let v an element of the unit ball B(Q,1) of ﬂxﬁ 2
H_{(02) We have:
That gives:

||Lt.ﬂi{v}_ Lt.m{v}"H; = "LE‘.ﬂi{v}_ Lt.m{v}"Lz
Nt vl + 4+ 4n I

{9~ L)
i

dx,

N
d
+ Z ||_(Lr.ﬂi(1?} - Lt..l:n
= 19% a1\ A R

For the first term, we obtain: Where,
N N
[lLs.n,-{"} - .l_’.,;_:_,('ar}l2 dx < Z “(eu Z ﬂi
ij=1 =1 4
= 2| dv |
+ 2 Jles—anl o] £ (- a0)] < )



This proves:

iI“P "Lt.ni("]_ Ly (¥) " " = "Lf..ni —Lim "f_

oll g2
Theorem 0.0.12 The problem (Pe) admits a unique

solution in E.

Proof . We showed that the sequence of solutions
(U™ ) nzp converges to a unique solution ¢ in

LP(£2) for all p € [2,+ oo[.Furthermore, from the

sequence of operators {L m] »we could extract a
subsequence (L m:_] which converges to a continuous
linear operator (L, ) in L(D,,L*(IR, H*(12)).

We can deduce that the subsequence of transferred
semi linear problems (P(e,m;)) converges to the

following problem (P(e, o0)):

du
—+4 Ltm{u}= .;‘I.ch {u} + P

= p

at
This semi linear problem begins in its original form as
follows:
APl 4 Bzt ongxiR?
% Za [z smusras
(Pe, )

ulrt)= 0 on d0xRt
wx0) =y, ferdlzing

By passing to the operators limit:

r:(u z o [,‘; J(1.;) = AF(u) 4 P(x,t) onOXIR!
(Pe,)4 =
u(y,f)= 0 on 3OXIR*
\ u(x,0)=wu, forallxinf

The problem (Pe, @) which is the same as the
problem (Pe)admits the unique solution g2 limit of

[Un }néﬂ .
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V. Conclusion

In this paper, we studied the question of existence and
uniqueness of the solution of the problem managing
the thermal state of a superconductor in three
dimensions. Give the triple nonlinearity of the
problem, we adapted a strategy of complementarity
with work given in [11]. By this approach, we could
prove the existence and uniqueness of the solution of
the of the tripling nonlinear problem, in a well with the
appropriate physical and technological realities
imposed by the superconductors.
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